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By aeans öf ä .simplified theoretical "model" ^ the'present paper 

treats the general eiass of flow problems characterized by the interact 

, tioii between, a viscous, ör aisslpätiv.e flow near the surface'öf a>;6.o?ild . 

-body, or in- its wake;,, .and an. "stiter" -nearly-isentropic streamv 'For- the 

:,prS.se|it the external flow is taken to he a plane, steady/, supersonic flow, 

-which -makea? ä small sägle with a plane surf ace>,_ or plane of äySpetry.,. al- 

though the-methods used, can he extended to "curved surfaces-, to axiaily- •-'•_ 

^symmetric "supersonic flows$ and also to .subsonic^ flows.. The-. internal-- d#s^ 

.s-ipative flow/is regarded- äs" quasi -one dimeiusionäi, ä&d parallel, to the- 

-.-^surface-jön. the, average, with a properly, defined 'mean'velocity and mean" 

-temperature,^ IheL-henrWifor^ 

'.  t-ateh' int©, aggeunt only approximately^ by means of ä relation between -mesp.- 

t'gmper.ettur.e and-mean velocity» Mil-iiig,. or*- the transport öf momentum from 

: *>.uter stream to'dissipative flow, is consigered to be the. fundamental •• 

physieaLgro.ce.ss. determining the pressure "rise that Can. he supported by 

the flow. With the aid. of this concept "a large number-=öf flow: problems- ,; -• 

are shown--to; "be basically similar> such as 'boundary layer^shbck wave inters1 

 action, waMe-flow^.,behind blunt-based..hodies ;(bas.e pressure problem), flow 

se|*äratiph in^oveie&pänded supersonic nozz-leB>. ;sep^!ätiöii^ön wings aaä
; - 

. bodies;, at.e.,r^ .-- .:-..,      -:_ '.-..--   -    - . -" 

-. ..  - .  =f^hen the mia-ina, rate is taken to he proportional to the mass 

M.fl^to density of the i-santröpie stream>. the, equations öf ;motion are reduced 

..--tp.a single;,. ;ngn-lJÄ§ä? ordinary .differential equation, that canfte iiitej- 

.. -4rä^e:d-numer±päily.i .An^ iÄpp^ant, prep>£ty of this ec.uo.tion '<±s\ $he existence" 
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^eL:iäaS2^r -mixingJrate&r,  .""""." .- "'. j.."- "  ""      ^"*-''"-"""~ :"• - -    ~~" 

several re4"sö|iKb3ie-. p^yji^äi; ^ässmprtiönß.i- a 

-siä^ifcified" fom^Qf thä4M^lf^;ife§Qry-Is .deTelösef'Bartici^gü^r-för sepa-. 

räted iänd i'eattaching flows;;, _ and -vake flews ~   Se^^ätigg flc^s .a;s ;tfell as- 

reattach-ing flews Mi-e; ¥ound~1^t-^^pi0^^^rP^§\i09W^&c §P^Me?aM.e;^^B't- 

-sure Increases at- Jä-igh.- Velocities.    The maxdjäum 'jn^^rg^Bl£Q&>s-^L--inea^i^e4-; 

'-..- %j; tjie; iäentröjpilc. flow- defiect$on> is; r%ä^^-'lgr6p_Q^Eion^L:
;tö

1 ifh^sfluäre - 

root-"-of." the"j^J^'^^J^iqi^^r'-aM äisg'--=tp    (ii   *- l|^.;-*h©jf-e iM;-.!§:.•ööBBB' 

:   a#e^ge;'ßäch number.,   ääius tue pressure ratio, increases rapidity wMirMach 

number2 er $he= base pressure ratio, for exaffiple> decreases jmpidly yith-. 

•;  .increasing iMacft: number;.,    in separated, ..flews t'h3 pressure gradient, along 

the. surface is a maximum, at Reparation-, and:-drops off steeply -downiktoeam; 

.. -in reattaching flöws:>. orTfäke flövs, the. pressure .gradient is. negligii- 

«öeiie distance upstream -of; .the%eat-tach^nt point" j. .^ä; ijOGKeaseis very 

rap^dly toward a naximüm as thijs point is approached.    The Inflected sur- 

fage' pressure-ddstrfbution observed in p^-inar boundary layer?-shöclc wave 

•-interactions 'with ßlew separation- is- now •understandable, arid the dUstri~ 

butiön itself' :cai:: fo§|jtf^c.ülaj&eä •.appröx^patelyo     _-   ; 

tUXB 
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When -the present mixing theory is applied. to the? problem, of 

deterlüin-ihg the base pressure £.or a Siiperspiiic airfoilvitha Tälunife tr^il-^ 

i-ng._edge., it gives the. cprrecst fli^d^mechaiiic^. -explanation of 'the' ob- 

served phenomena.:.;. Qualitative agreement is found b>;tweenj. the- tHeoretical 

•GsJ.eul.at ions of the. curve of base.pressure versus' Bejnold's number and the 

•data öf '(Jhapmah and Bögäönqfi' Ph hqd-ifs of reyxjluMOnj and vCli^p^an^s ddta 

;-©n blunt traiAing-edge airfoils*.   The theory ie 4pv being eiffefhsied to" 

a^ially~sy^etric: .sugörsöhie,flows. _-'    -. r -   \  _^y ;,.-     ." 

_ _.-:-_-"- ...        'She: results obtained in the ba£.e pressure pröblfli for a auper- 

sonic, airfoil with a blunt trailing edge, open the Way for' appliöätiön öf 

thiKmixiag, theory tc boundary layer-shock wave interactions^-. bomdary .feyer 

separation.,, and many other phenpiBena.,    However^ the 'dependencei of" the.uM^^' 

ing_ rate'and the iireäh.yeiöcity-B^aö. temperature; relation for the ^dissipar . 

tiye. flow region on. th§ flow P^#*etex:S: must be carefully ihve^tigat.Mf; "o.'""' 

-experimentally and theoretically;., and the results ihcörpotated. "into -tile 

-"anoysis* .- - -• ------     .";-.-  ~_ - "~'\_     ~:      .      ~ \~. ' 
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The subscript 'V denotes. quap.tit-i.es in- the nearlyrisehtropic 

- ^icwj t^süWcrip; "1""" "denptee"mean"guaitxties "for"the.' disäipative^ flowT 

the subscript "cr" signifies values isjsen at the critical point of the 

•basic differential equation.,  J&cept where otherwise noted,, the- adscript 

";s" • .denotes: stagnationcoMitiOhs*    In; addition,., the siÄscript "i.".. ap- 

plies to quaatities, :?f thy equ#a£ent inböMpressib;le.. fipw\in the StewatEtson 

tränsförtnätiönj  the subscript "b" denötea"quantities in the airfoil bpuh-    "-. 

:   &&ry- ürayeF7JqBt "Upstream. Of the; trailing edge; the subscript "h;"' -denotes; [' 

qiMhtxties evaluated'inthe mixing zone äust aft, öf the trailing edge, 

ywhiäe; the subscript "j" applief to- the mixing zone in-generalV .„«,--   ,    -. 

;f>y coordinates parallel 

~ 7    of ;s jmmetry, ' ""_-"   ;-/ 

'i _--: thiclcßess of Mssipat 

?- ;" . pressure 

?.':.' density 

T '-.    -temperature  :    ;: 

;h enthalpy        - ~   -    - - 

and normal to aurf ace>. ^or piahe. 

ive flow region* •r 

. _ 

a speed öf apuhd^ _ _.      -.   

ormhary goe'f fipieht :pf yiäcoöity^ 

.ratio1."of •Bp€C^f±o's^&ts^;7c^f6^ 

gas; constant 

•^p/Vy 

,mägnitu|ef-pf: ll'öcaän valpcity .pf nöärlyriaeatrppiC: 

:-gtr&^-^j';y-''-»-;:f;;". 

I4"   -<*• 
'-Ä^-T^Ä^~w*^f** .' 

.-vsr^r; »«j^SiSäSJSBSSSKS 
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V 

'Macxi number,- tie~/a> 

etc, 

u 

m 

u. :l- 

¥, 

local angle between external stream.and s-axis- at - 

~ T -      —'-- 

"_ characteristic angle variable of plane,,, isgntropic 

supersonic- f low-. r 

''free-stream" pressure, Mack :number, reduced-"Yelocityj 

etc. far from-body.._ 

.component„öf' Velocity parallel to surface in inteJ^Jäl. 

flow;- -"   . 

•mass-flüx,;   .   Y   out  dy dv 

--    """-"-   r's    r   y momentum flux^-,y .put,-   ay 

-displacement thidfeneSs-,    j.   L\~ y^TT* lAt 

_-f     :...-.--.?-'.-T . ^   ,/*£°   -1./, : 

"moaenttini--'tM'etanessV -j:.Mj&i. :('i^~~~- , 

1 

§-. 

iaeän velocity of internal7 f4-öw>. i/' 
in. 

-:y 

^ 

mean temperature Of internal flow, defined by rh. =• ifiJLM-vQ 
"---.- "----.--"-  -:----.  ... • - -- &T; 

£'  s --- . 

w_. u-/a e' s 

:<mi -m a„ 

1el-; - 
I .-•.-rtfe-V vie?- 
-'- --ay-...; 

4- The symbol J *"* is used in order to avoid confusion with the local angle, Ö. 
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<;•». "a/Pe * *ö/v< 

k 

parameter appearj.ng in :meän Temperature^mean velocity 

relation. 
1'" s      - - O' - 

mixing coefficient./ ^defined, by relation Ä ä ^-.peU-e 

. i 

!  * 

Crf, vi.se.OTas. sixeär stress at solid s.nrface-= 

er 

local skin-frietibncoefficient-,*—-r~~- _ 

•iriö ix total skin-friction coefficient, -^- i; gg 

*p \ •   • - -   - 
:c?#k (i-Hi 

tMcknees-of dissipative flöy:> local ängle 4f>   . 

inclination öf:,external stream,, and cp.ordln3.4e of 

separation -point (s)> or reattächment point vE|" 

:H 

X V           's 

r -   .       r 
OR 

r    - .-- 

n 

...( !-' 
'S J\_ 

flew deflection across incident oblique shock, 

airfoil -chord   -_-  _ ' - .   - - 

•airf oil thickness at: -trailing edge 

•t 
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Es: EeynöiJidG number,. &;^e^ 

ft'  * Be tr transition Reynolds number-?- -ve^J^fe—3^.  - y -where- -X--f s. 

i-s.--defined^^:'W:e~'te^~v^T-e,~nBedieSV':'.   - ~:' 

Sev ..  "g^T.s v Reynolds number baaed on location of 
- -*?      VÄfe.'--    ~' -'"        '""•;" •-•=-••• 

separation feoint, - - - 
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"'One öf the least understood phenomena in fluid1 imac-hanleS' la -"- 

the interaction between-a- viscous or- •dissi-pative flow near the surface 

of a solid body. Or in its wake, änd.an "outer", neariy^isentrQpiC gtreaia 

with Varying., static pressure.^.: .Shis- phenomenon is observed in.ail. types 

•of "houndary^-i^-er^shock/^^e. interactions^ in the wake behind.blunt-- 

based bodies :and airfoils with bluat trs.ij.ing edges' at superapnie Speeds 

(base-pressure problem) - in flow separation associated with recompression, 

"" irl an oveTe^andecL supersonic nozzle-, in flow separation from- the- siirfäPÄ 

: Of airfoils and bodies at. high angles of incidence^ etc» -Apart from-its- 

theoretical interest^ the; problem is of .considerable technical impprtöiiee, 

". - jhecaüse of the -widespread; occurrence-of such ihteractiohs. in. -compressors.^ 

rpcket nözzlei^. süpersphic -and-subsonic diffibers-and on öüperspM-c wings 

-änd—bödiea» _ .'7   '-. "'.'".._. ';.    '..'.-  -- -•-     -" •   i:S—   -      - •'   ~- 

'_':,.  ; -   Iti ail these interactionsj the "external flow" cannot: be regarded- 

. as- a known, datum.for the 'calculation; of the "internal" däesipätive flow; 

In contrast to the usual Prandtl boundary layer .theory,- and its extension 

to wakes and jets, the development of the dissipätive flow itself helps. .. 

to determine the external flow,, arid it is now generally recognized that 

this interplay must be. made the. basis- of any valid7 tMösöt.iöM;: treatment-, - 

liris'tiie'aim of this paper tQ- P.?iög put. the importance -of the transport 

of momentum from outer stream to ä-issipative- flpw-('turb.ulent "mixing" pf--= . 

laminar diffusion) in determining the: flow pattern and pressure; rise in 

these interactions., and to formulate this concept in quantitative terms-,.. 

By means of this •concept ä larg§ number of /seemingly -diverseflow pj^öglöpi 

are shewn to be basically simil&r> a%d; 13i'ereförS- "pai^ple. .öf "being_..feepSt^d; 

by one general theory. 
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"Previous theoretical treatments öf the interaction between an ,. 

internal dissipative.flow and. an. outer,, hearly-lsehtröplc. stream do apt 

seek to hare recognized the importance of mixing,, For example^, in the 

case of the boundary layer-shock wave interaction- problem, Tsieh. §&& 

Fins ton-, r.ighthil'1 and others regard the interaction betweeh the s.üb- 

•srorrip flew field adjacent to the surface äiid the outer .supersonic stream 

as- paramount, and treat the problem by means of a linearized hon-viscous 

flow theory» Their calculations sbow only a negligible upstream spread? 

ihg. of the interactioh hear the surface,, and this result corresponds' to 

the fäctä only for la turbulent boundary layer and a weak shock.. -Even in 

this ease the mechanism^ is- not correct, because- it does; hot include the. 

mixing between external and internal: fi<y.:s^ and does hot take into ac- 

count the non-linear character of the external flow and of the interae-? 

t-i'Öho r The. aipof täüce öf mixing in determinihg "the pressure rise that can 

be supported »by the turbulent böAmdäry layer in an adverse, pressure gradi- 

ent has already been recognized by Schubauer aha. Klebaapff for low speed 

flows o -      . _ .. 

Treatments of the boundary layer-shock wave interaction .problem 

which regard viscous effects as important^ such äs those of the junior 

V    . ._     ...      • ; .. 
author # utilise the ordinary Prändtl boundary layer theory to determine. 

the rate of growth 'of the displacement thickness,. "•-£- , in terms of the 

!(unknown:) pressure variation, in the external stream« .(•Here.,, mixing, is. 

taken into account approximately)„ The wail is bhen: Replaced by a stresm- 

line of slope ~2- f  and the pressure, variation ih the external stream is CIS - -   -ä    *" ..__.-.-.-_-•. - -.       .... . 
.... =%-* ;  '     -"  '-::'-.,  :_\\. 

obtained in terms of the curvature   ~rSy'      by means of the PraMtl^Meyer, 

relation.    The solution obtained for the: lamiaar boundary layer~ Mjä&iB- an 

1 
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extensive" r-egipii of upstream influence änd; an exponential :d§ca;y of'the, 

-upstream1 pressure rise along -the surface äwäy from the s'Eöfck, •'•jund'.^g4tc% . 

separation of the boundary layer ahead of the «hpc'k. ¥hi'le these, predict 

tlons now seem to be quaM^tiveiy correct > the theory is unable-tö de&l 

with the flow downstream of separation, and tells us nothing "about the. 

subsequent reattaehment of the flow downstream of the._reflected e^ahsioli; 

.fan,, „where most of the pr.eß&ure- rise along the surface appareiftly occurä.. 

-Bitter-* recently attempted tö improve- upon this treatment,.-but the basic- 

dif~'£iCultyhas not Jbee_n~overcpme, because of the inability of- =bhe- usual 

boundary, layer theory,tg_deal._with iMö^•ty^erJO^^d5seipative flow.; Si-hce^ 

the character-istics-of the compressible turbulent -.boundary layer in an - : 

adverse pressure- gradient are largely unknown,, this te.chngqyg has not"bee"«.- 

appiied-to the v^.yleiit: iayer_a.t ail.r-.---- --—--1r-^.—-- — -•        -"'--"_ - --"-: 

In the case._of_ the base pressure^ proxies-, |l- has long- been r^GOg- 

hized_ that.mixiög \i*n the wake, just- aft of .^^'vbrtdjlp!i^-'^törffid^-;äÖss-=" --*----1= 

^.amount of recompr.essiöh that can be supported jBy'piö flow;, -äM^^^SS^.; 

- the base- pressure* but this concept has neveV-been precisely formulated. 

Recently-G-hapman- reviewed the entire problem*., and.-found that existing data 

on base pressure could be correlated, in terms of the ratio of the boundary 

.layer thlcKhess. at the base to the base-diameter^ Ko^mQChanismviS: advanced 

to «s^lä-in ^h&  esr-r.elafcfen^~=2he: ofdiiiarl.zthejory :of -w^ef^Igd; 3'et§> .Which 

.is usually -restricted to jmifqrm- pressure, is. of little assistance in this; 

problem»    -. -• - -    •"'-" - - " T'-•--••/'"'"'  -    - ..,.:.-, ~. ~.~-r."—-^- -- 

 Another, important, phencmenon involving the. interaction, ihe^efen"1- 

a dissipative flow near ä surfäcs and an "external" fiLöw with increasing 

pressure, in; the flow direotipn isröbserted in an övW^|n|Led-;s3^föonic 

1 
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no^'iiej " V/hen the. ratio öf chamber pressure tö receiver pressure is re- 

duced be/icw a certain critical value, it is observed experimentally ' 

that the .oblique shocks at the^ nozzle exit move upstream into the; nozzle.» . 

The streamlines, near the nozzle wall .'are deflected through, these -shocks 

and the flew separates' from the -wall* For the: conditiohs investigated, 

the flow <?eflection angle is remarkably constant (ÄÄ )>  aäd the pres- 

jure ratio across the shock is about. 3..Q;>. virtually independent, of nozzle 

divergence half-ahgle^. in the range from %   tp> 30'^- The-flow .deflection 

and pressure ratio lie well below the possible maxima corresponding tö. 

the local Mach number ahead' piTt.he shock. Köh*viscöusj flow theory estab.r 

lishea certain, limits, for the flew deflectioa angle and shock pressure 

ratio._bUt otherwise the problem is indeterminatewithout the introdup*  

ticn.of Viscosity» No theoretical e^pianatiqn; pf this- phehpmehgn has as 

yet been advanced..    —"- -:- " 

It seems hopeless, to attempt to. öolve the coafeiiete Nävier-sStokSB 

^equations in detail, or these, equations including the Eeynöldsj.sfereiss.s:. 

for these interactions between an internal dlssipatlve flow and an ox^ 

ternal, nearly-isentropic stream. What is required, is a ,generaüL?.^4tiön 

of the concept Q'f the von Karman momentum integral for the. dissipatiVe 

flow region,, where.;, however> this internal flow is treated, as quäai- 

Que."uiU4euBi!oncUt wxoii property itgi-xneja; mean ye^oCii/y anu mean fcömpörauUr©:«. 

It is essential to retain the noh-rllnear' character of the exte,rneö- flow ... 

and. of the interact ion itself« The, jj^^unlfeömpy öf the actUffit velocity" 

distribution-across the internal flow, is, i^en iüjbö .ctccoüSb paly apjprojd- 

mately, by means: of a relatiöh läetweaÄ "asan te|pefaiiä'© asiliaeaöa #eipc|ty<. 

,5J 

/I« 

Mixing between the 1 and intexsial stüwaas .Is admitted -'£»*» fissäaKäit.al 

w«gj»g*Wi*f •T?>»L«n'n i wri • 

„r ^ &?^-:::i^¥y 
. I«! 
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.physical process^ which will furnish, the mechanism för -the pressure lise. 

.While Börne, •of the details of the flow are undoubtedly lost; it.la be- 

lieved_that this simplified theoretical "model" preserves the main fea- 

tures of the interaction with the external stream. !i?he ioss; öf detail 

is outweighed for^the present by the generality of the results> and the 

fact that flows- are? treated which cannot be analyzed at: all by the clas- 

sical boundary- layer theory .• '      • ;"' 

•it 

•v- 

;.2., -.--'.  , Geheral^ Theory 6-    '.- - ^        '....'. —;: .;  _/ : ? 

-   -     - : 2il.. Basig- ^uatilonSiOf.-Motiöho.--^ -   :-~--^   -      .;-".".- 

, "'..."Suppose that the flow •along a .planesurface, or'a plans of sym- 

©e'fcry £x?axis") is\ characterized, by two-more or.lese distinct regioo^        . 

(figure. l£:*. -trj^ an- Internal dissipativeve^±pn,o¥,loc&%,i^c}^ieBß .. 

.--       S   i-»i^ whi,ch. thel hon^iaiW|m>"#eigc'ity   ü   is -essei?;t-i|l£yp^ailel    .._ 

tp-^e&e^x-axi-s.; -on the averagej •(•2);, an external isentrOpic!: flöwv, making 

-the local, angle    u      with the x^axis at j ="C«    For the" moment & \ is 

.assumed, to be sufficiently small so that   tan & Z£ €t      and   coa@2s /    . 

Because.of the,mass: transfer, or "mixing"^ betweenthe .external- and.ih- 

terhal -streams.>,   SSL. > $ . - .       .•''••      ._' \ - 
^dx: . — -f- _-   -       '     '  ... ,   - 

- ._ ^InTprder to^bring put the main aspects of. the theory without ... 

becoming, too .involved in mathematical difficulties:, the; itreaiaient is- re-r 

stricted for the present to. plane.., steady, isehtropio,,. superspMc external. 

. flows >, for which the Brandt 14feyer relation «=£ ^s %2zL- && holds * 

Actually.,, the analysis can be extended to axially «symmetric- supersonic 

* The-treatment can be extended to. the more . 
surface'«- ".-'-. .'•'•*- 

icasre of a curveä 

' ;--•--. V 
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flows by the method of pharaateristi.es$  and shocks-wave losses in the 

external flow- can also be taken into account•* In principle., subsonic 

external flows can also he treated by' cönförmal mapping techniques. 

The following, assumptions are introduced; 

(i) fhe static pressure p ia constant across: the internal 

flow-and equal to the local-pressure ^Pg"  in. the external stream 

•at u =• cT« 

(;ii) Seat/transfer between the fluid and surface (if ä solid 

surface is present); is zero., and the stagnation .ehthalpy h- Is- constant._,. 

across- the flow :ahd equal to h,  at y 5- a ^e_. applicability of these 

assumptions will be discussed l^ie^ly 3Ätfiri;...;.(-Seet-lQ& 60s-. .     >.. -.--. 
•"".'  "   • >. - "  -    -'"•""-.'• '•--•• •-""" .v.   . - _ -.- ""'../ _>*-_?:- ~i?v. 

For the internal stream the mass-fiu£: is ßiyisn by ^^ ^^ -'^* 

the. momentum .flux, is7 1 = f &v$ & 5f and .»the flüx- -öf enthalpy is 

•ff *Y-'hs/Q^---Q^-~^•SeL »    Sy referring; to: 'Figure l/:6ne.-sees, that 

the angle between the Streamline and the outer boundary of the- diÄäipatifte 

~ — y- ; therefore the Bate at which mass is 
dx      "-'-'- \ '-'-  '"' '- "    "    .. "•" "" -'v" 

. flow.- ät y ? <T   is 

transported tö„the internal flow is 

{2.2$ ft = ^g-&l 

• '4 

•ft (momentum balance yields 

(2.2) 
-:-dX 

is. VJL« fe ~—i"4^ -^w 

where   *3^„.   is the frictiöhal stress at the surface (if a surface ia= 

present-).    Since   hs      is constant the. energy equation Is-automat icl&l^y 

satisfied underthe &ssänptiön Cii): above. ' ''•'-    -• _ ;.\  ; 

\r--.i 

•» 
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' The momentum equation (E ;, 2.2') represents. $%s. integreä $f the 

exact, equations, of motion .across the -flow, except that the .grsdiehtB .of - 

the viscous or Reynolds stresses in. the flow direction, are considered to* 

be negligiole in comparison with the, pressure gradient» -up -to. this^p.oint 

the- approach does not differ essentially from the von. Earasan momentum' in- 

tegral method of ordinary •boundary layer theory«. 

Let an average velocity of_the internal flow he defined by the. 

relation  ' ;; -'"'.''.~   V -      "•  -__-   "-1 : ' ..""-"."" "' i~  , - ; ------ 

urn 

i.e. the ratio of the. momentum flux to the mass flux»    Let. us .also define,,. 

without. :a:titri£htiting;v:any pl^ieular;physical, meafiipg to the..deficitic5n> a 

mean density    -£>        , or A Mean, tei^räture•x :3L •" through the mass flow 

-relation ~   ; - .-, ••> -     '- -     . . .. _'_--   . . ...    -"."-'.-   __._-v- "" -.": 

mäkAä:£^S^J^^: 
.2 
-I 

Introducing the ^displacement arid momentum thicknesses of ör&aary bouiidary 

% 

:(S.5a) £*** 3 
l?*-.-.- :*«• 

•*>. i^fe^iÄ^^Ä^:^^1^ 

*   '5:'** ks: been used here: to indicate- the ituaaeht.um thickness in order to 
avoid confusion with- th# angle- of -flowy &-'«,. " • ... 

L.^fl 

•"»•«ISü _-«»»«-».«'"-*""" 
s   « 
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frÄ these equations w  and A I can be deritgd and replaced in- £2.33 and 

(.2 ok) to. obtain the. following expressions^^ for t^ mean quaatitlee in terjss 

of the thicknesses.: ~ -  1"~ ''"='""".'" 

**-- 

>4- 

(2.6b) ft-_^:.I?-/X: 
cn'""/P^"'r":^ 

where     ^C -' —,.p is: an lÄPprtjänt_.parämeter always, „less thanl- 

3!he definition. Of the thickness    S-     _yi-il.bg discussed, in Section. 2^2>.^ 

Hon-djimensipnajL reducedvelocities.   V;"-?'u/a     are .now. introduiced 

bj/i -dividing, through by the stagnation speed: of sound   .a .    The auxil-xlary 

quantities    -" --      /" ""---•     "v.....~   .:-'---."__. - ":..;: 

t&rSeJ" <:•=- ->L \ 

5 -. 
•I a'"..lfe-Y- 

^;y 
.'2; 

fc^sfe- 

e,. 

1 

are defined;, in terms ^pf. which the Jjernp:ulli equation can be written as 

~'i W(£ 

i3-"-"' 

Useful relations^ are also;.. 

t2»6e) Uke-^5 =^t 

f •£  . 
i 

§3Vs 

Sg      -\ 

-T 
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The reduced ms s flew Is. then gpren by 

(2.7)   m - -*&&* -^£ --i~-,. 
     -;_  -_._•.   :,__   -^ ;. .Wi. --..,    .:_-_. 

and Equations £2.1$' and^|.-2) becosr© 

(B41 
J^n   _. 

v. v - - v a-A 

pBu^&- M<T,_M^ #W*'3K *.e: 

» - ' 

where- the wall friction;     "t^, - ^ fe^eCj- !" Ms been expressed " ; 

through the frlcfteiöa coefficient b^,.. . Sl^pöseLjasw that.       cV    can be re- 

lated directly to the unisnowns    YYV}    r.,/ We , ^i.  V^,, =..        -     SußpSöö-r 

also that       <—^- can be expressed explicitly in teass öf the ün- 
>    ------ 

Impwns through a more general formula than the ordinary, _oh©rd%en8ional 

"--.'-"  ------     "'••'-       - .w-.-  -.—" !^-i-j r^-r?^- — --- -'-'• -----   ----'-'--.-•---   -     ----- 
energy relatian^ =^p ~ ''• ~ :g-_.':,'        (correct for ä ualförä' 

velocity, distribution only)'.  Then since -p --f3 6*%}  land '©• =s- B - f • e. / 

are knovn by t^'-^aM'^lte^r_re^f?onV Equations (5.7)',. (-2.8:) and -;(2«.Q.). 

furnish three relations between the four variables. Vta^._ £,f W-^ oincLw^ , 

A4-additional relation hetwßäk these, vjaxlables is. introduced by .means .of 

an^ässtmptiön regarding the mixing rate 4©/dx> which will be diecussfd in 

Section• _§.»3- It is at this p6iht> with theinti-oducti^ of ea ^r^i^H 

""•"•sass; SS^SaSsautlÄSäSSSÄCCa^f - 
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expression for the mean, temperature and.for the mixing,..rate, that the 

§ .._ present approach^departs fron the usual boundary .layer theory. 

;2c:2'     .SSffifesgion for theJjegJi Äemperatufe:. "Ehe T^rg\_.Curve» 

In any .given flow the mean temperature can be computed -from the 

d:e.r4;ni.h5...reiätiönsj..'Eqüät.i.QDS.,iC'2.-6:) and (2.7). But since the solution is 

not. Äown the exact evaluation cähhöt. be obtained, a priori." Sherefpre> 

if any progress is to be made toward a-, solution of the equations an approxi-v 

mate relationship must be introduced, which depehds on some average proper- 

ties; of the flow.and involves" the minimiim popsibie, number pi jgeiameters <> 

iamihar. J?low. in thelaminar case such.a.jreiatiönsihip. can.be. establiBhed 

from the. .following, considerations::, Stewartspn has: ;uhs?5Jh, tM£ for' Frt££tl 

humber~ujiity, ^ ^ T and an insülätear wain,,, -any compressible boundary 

layer flow s&tii pre'scribeä" variation of externalvelocity can..be red/uced'" " 

io ~|^eqi^y^lehtr ^ tra^fprised 

"external velocity distribution» Tails means' that from.ß gives! incompressible 

flow ä family of compressible flows can be "generated.,, whose roiutlons are 

related in ä simple way to; the' incompressible solution. The. Stowartson 

^transforäation is represented completely by the relations. 

C2?io). fe^%-^%i €Mf-iv^*3" M-^%:> ^—f*< 

.where the: subscript ''©"denotes some fixed reference cl5hditiön>. and the 

subscript "i" denotes- the quantities of -tile equivalent iöccj|pre3tible flew 

with ifce~:cp:&ä*ant density     "Q       3 with .coprdinateg    7.."_. v?.       ".*. aM- with 

f" 
-"ÄWO 5*-*--^^m-^j* 
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the same stream function ._jff-  as in the- compressible case.-. -From the 

relations (2.10) the t^o following additional relations can be written. 

,iüaV- Hi^ js-.J^-.; 

GL0   "o-e. J 
;au.;£; ä^?-:pLL du 

It foHöws that ät 'corresponding stations.-the relative velaci; 

ties in the GOEipressihle and incompressible flows coincide:-        -   - ..." 

(-2.13:,);    M-. ^ — 
^i£>   v^e 

-""_. Sy utilizing the;Lfifst t^ol ^ejätiöns in; .Egjaktiön. .C2-.1Q}-, tbe. 

.egress-ions äör^espoMiög to Equations-JS-Jf£$ and ^2,„'5h.)"-. can be written 

^2 *M    f ^r-- 
-M. li-jriiJ?. ÜA fl%.: 

*T 

4- -m-p,.---- W^:it^t--J:; 1: §££•* 

Also, 

:0SfÄ3>- *Mt1Lf:S«h 
&«*TL/.-Tfr TL 

v: 

naasataajcs"ws 
I 
! 
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But., from the constancy of the stagnation enthalpy ^-2-" - \ — JÜ- 

Therefore., utilizing Equations (2c 11) and. (2-.13)/ one finds. .' -'" 

w:>. 

^ 

Finally;, by employing Equations  (2.1-2) and t&li). Equationjär^aj can 

"be "written as follows-: ""'"--. 

3 ' 

•&•&*""*€ ^ Äk- 
.'•.?r*f:"r 

vBym^ans or Equations '(2,ol4-:) ana C2,l| % Equation (^Öbj). is Arahsfozme_d 

into       -,T~ r       r-^     r**   I > T**^ ~^m-- Y4&£$k 

cr, utilizing. Equation (-2*16).,. into/ 

V/3 

.-• 

61   * 

. T 
:(2,17;). Vv 

- - _;V 
.^i—«— 

ig^tS) 

^-:#) 

Shis mean temperature-sio?n velocity relaj;iojrahi£, differs from 

that Tor a oäe^dimehsiohal isoenergetic flow- pnily in that the- quantity. Je 
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appears,"rather than unity. It is to he observed that for every income 

prejsslble boundary layer Tim~~f ~ fE^uation (;2.i8)-X, .and &&     (Equation 

(2.16))., can he related to each other, so that the given inepnpressibie 

flow, and the corresponding complete family of compress ible boundary layer 

flows obtained through the Stewartson transformation,., are characterized by 

a Certain __ f ± "äC ^).. relation« Ml.  the effects. Of Mach number for the 

compressible family are contained in the second term of the' right hand"" 

side of Equation (2.ir5_„ Of course in general this £ ( ^ ;) relation iff 

^irffereht for every flow. jEpwover at. this: ppint-it should be'shserved, 

that certain classes of low-speed laminar"boundary layer flows, -such-as: 

those investigated by Ealfcher and. S^h^0*^^ üL',- -~~^C^^      %  are deW•: 

acr-ihed completely M terms' of a si-^e parameter^ l^chviflow corresponds-;' 

to ä point i-il-tHe. f-Ä  plane and' the whelp//cä^^f' flows:i?a*epre* .--., 

sehted by a ||£g|e f ~M curve. By means of" the gte^ärtsön tränfeforäsa- 

1 

tion this one-parameter description "is extended to, th& ^prrespoMCbg^com^ 

pressible;iflows--äswell. - ••"-•"    "-'/.   '""".   '        ; .. 

50be f CJr€ }    relation can be evaluated for. Jknown Ineompreeeible 

solutions Once the; thfekhess     °L        of the dissipative region.is axiitabOy 

defdhedv Now the ^id&tess. of & iämsar bpiMary 3iiypr is not a sharply 

diefine^ .quant^' t^ay^-cf tb# afy^totiif läfeitipn -frÄ. disBipativö; to 

''it^m^ß^^¥^^^^-r . 'S»,.9[ Mrgsf :^Jgs^M/-!ä£ '$k     'would result in the 

Äe;&isipa pTtöp ^P&'-ö£ V:&ö-->^ re- 

gion, •wMieLf6V.t6pr#«3^;   .<?£_"' '^gSrepi^ 

Clearly the •cftpiceV'öf .J|;;' ^^"§^^!^JÄ/1B^;',QifeP'SS^öft|^i- .-±Ö0^#tää^Ä 

the 1aritijsverj3a#^ 

•par'igon two '^^^^^& .'^^^^^^^^ßj^^^^^^Ö^A. .^3leygy -~ _^_ 

:; 

. .-    • '-aSbrNSeK."*" C 
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corresponding to IT**     ^      0%99 4KEt-.Q»95v   Onced^   is defined.,; 

>£ and    jp     can 'be obtained from Equations '(-2--*-i6;)--aiiaL-t2:.I-8')- by 

utilizing the ordinary.TOäues of   "£ *   and      tfy **   computed for %.-*<*>  '» 

which corresponds to concentrating all. of "the actual mass aM momentum 

defects of the boundary layer in the conventionally: defined dissipative 

region.^»    Observe, that the definition of   :<5f _ follows immeMately from 

that of :;_. -S|. '    because of Equation :('2yll)r6     - "'     - -   -'-_- -•••_ 

In Figure ,2a the      &-<H-      curves are shown for %©•-laminäg-Jnir 

•compressible boundary layer solutions:    the Howarth      solution-for a 

linearly decelerated velocity distribution; .and the Fallmer-S&aA v"*'' "        -    -: 

•fsiaily      (^ "^ ^%-j- öf solutions.    The first curve corresponds, tp- 

•the: deyelopment of a specific boundary ^^r\f"^^"-y$th,'-;^"'-• .going from:     . - 

•   an: iM-tiäl ^^MiMCv^üe. tö"%. _fi=h^-:mi®im3|¥. ^ai^^wh^re^xs^a^^^-öäcöicsj. _ 

-this-curve, passes, through the•_ j£^^\''^öh^~öö^.^B^f^^ tö.^T^ Bläsius;. 

_.-:Dj3Autiön._qnLä^lat.^äÄt.e,- which is- jsfiajräGterjseit.byjcpx&;tejit^vsstues of 

..    ^    and    «MS".'._.._.    Oh the pther -hemdl^ each point of the second curve' 

corresponds to a different boundary layer flow evolving in such a way that~ 

§•    and\   H-      re^ih constant^ an&-the "position" of the flow with re> 

-spect to separation remains fixed.   -Here again the Blas iüs. solution is. in- 

eluded:» all the points, pn the right of the Bläsius point correspond to 

^acc^ieräti.Qn2, those: on, the left, to deceleration.;    TE^jaää^umr M.       cor- 

-;    responds' to a flow which is continuously Ott' the verges of separation. 

- --,.- Ali of .the curves show.a. commoh -qualitative bjehayior:    going- to^ 

ward separation  .J^        decreases... and. ..^-  increases; steadily, the- aiope: 

. /hepa^ing steeper <and;-steeper, until ;at sjep^atipn.j, the slope is practically 
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"vertical.,, i.e. . <^C ; ; Varies but little as j- incvreases * This fäct 

-has a clear physical interpretation» The increase in thickness* neär 

separation is caused mainly by an increase in the extent of the low 

velocity portion of the boundary layer, the high -Telocity region being 

pushed away from the vail., while the .velocity distribution "in the high 

velocity region remains approximately similar to itself« In the extreme 

ease when the velocities hear the wall are -<refj' low. the effect of this 

region on I and /Wv  is -negligible^ and M,      is Nearly constant «t- 

the value computed from, the high velocity region alone ° Oh the other . 

hand JT  increases steadily because. Of the increase in total. thickness: _ 

of the dissipative flow. This fact ca:j also be expressed in the following 

way:, with, approaching separation the effect ef the wail on- tlie high; yei* 

ocity portion becomes less and less marked and^thg_cphditiong. in this* por^ " 

-tlpn^ which determines the-value of <%  T, become..3aore and.möre similar- 

to those, of a "free'1 half-jet with, a constant J^-    value- I^is physical: 

picture—is. essential, since it gives a clue to the qualitative prediction 

of what happens after separation, where no theoretical spltitiphs are MLown. 

It is, to be expected that in, the separated region, the jet-like behavior Us. 

still more pronounced, and therefore £i-      undergoes only small variations^ 

while; all. the variations in. -the flow will be reflected in f.. The s~~M> 

X:i^e,.5(i^^t^M..t^is^oTii-& nearly vertical extension beyond'the- sepa*atiD>t/ 

point« - - - -- .- -- 

An interesting case ia that of a flow which after having under^ 

gone- separation in the way -Just described,, is brought, to. xeattach itself 

to- the- wall,,, and to. build up a regular bpund&iTy layer agai-h.,. A compressible 

flow of tMs type is observed,, for ezämgla,. in the iMinä^ |p'and^y.4ayer-r 

Shockwave interaction«' Again, despite the-absolute Isek of 

"•- m 

\ 
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information on, flows of this k-incLj, this qualitative -oshavicur of a feeättäcM-^''  * 

flow in the _f-^€" plane caii be predicted to follow & path analogous to tbe- 

One observed for separating and separated flows, but in the opposite direction« 

The ^#C' curve, after having., described some loop .with -smeil-^C variation 

and large f -variation.,, reaches a reattachtneht point > generally distinct from. 

the. sepärätioä.pointy after- which ^2' starts increasingr again. If.j. for in-    s 

stance., the conditions ere uniform after reattachmentj a Blasius flow will 

finally be reached, and the -f^^€.    curve passes through the Eläsi-uä. point 

again.. •"=:'"" "_,_-..-    -..      -"" ; 

Consider finally the cage of a wake formed behind, a body,; where 

the velocity ^distribution, across the dissipat&ve flow reglcm_passes from a 

typical ..boundary layer profile just upstream, of .the. base of the body to la... 

. necessarily uniform, distribution.. %ra the wäke far5 behind the - b^äy.ievgi fig^ 

..ur.e-f)x„ ^ar. beyond, the.body d,   ^Wi.     -='Q-y     and rM> $•  = ['_-. ;"_-;*_-. -In the 

£-)£ plane..the. path of the flow will bf represented, by a .smooth lin^ con-r 

neciing the. initial. £~3£ point (.say the. Blasius, point.) with the" point ~$L=£y^\ • 

JPor a blunt-based body, as in the compressible base pressure problem* con- 

ditions in the wake ^^mt  aft of the body are similar to.tho.se of a separated, 

flow, the low velocity region, being in this case represented by the "dead- 

water" region? The. path- in the £:^£. plane will be. developed at first as.     f 

in the case öf reattächmeht (where,: howeve,., the sail influence is negligible) < 

through a line- of nearly constant'^ ... 3Jheni>£ will, start increasing,, until   | , ] 

far beyond the body >£ ^nl £-> ! ? The f~^£ curve for this flow- does .not. 

•necessarily pass through the Blasius/point * but it is^noi. likely to -5>B£ßi . 

toe far from it. : _ - ""--.-. - " \ 
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Frontthisdiscus'sion it follow^ tM/t e^efy iaco^reöBi^le ^s-^ 

sipative flow involving separating?. separated, z'eattached. regioip and,- wakes 

can "be described &s & particular, curve in the ^p^. plane having .qualita- 

tively the shape- just discussed..   .'Supposing that the- Stewartspn transforms- 

t ion .still holds, in the separated "regions, the family of .ftorrespond'i^'com'r 

pressible dissipative flows is described, by' the .same curve.    The exact de- 

termination of this curve requires the complete solution of the flow, which   ^ 

can be obtained' only 4n the case of uns.eparated flows,,  since -no known mä^öi 

is available for the other cases;«    The;,nest step, is therefore to; replace the 

exact curve with ä suitable 'approximation. - i - ~~~-~~~~~~~ ---'---__---.'~_ _._ 

Based; on the. preceding qualitative; considerations it appears that 

the loop characterizing, the separätion-reattächment case can be replaced 

-With: a_.sihgle-.re|iKesentaiiv4. mean7 corfe;, |?SeKe|~ vertically ( ^L == ~ const:.) 

beyond the separation point („jet-like behaviour iü separated region}'.,   For 

instance; the lingle mean curve; can be the theoretical f->€.  curve for the 

.Fälteöer-SMän.. solutions <,    Moreover, this curve can be eztenöSd up to f «• 

>£   .   = !L. and in this way it includes also the wake^like flows?    However 

the value of >C   at_s§parat|;on given by the Falkner -SkatL. solutions cLpeä; not 

- - '-        '"_-•'"-  -1*3 
coincide- with, the. a£j,    value for the- free jet given by Chapman' & solution   , 

äs shown in Figure 2a.*    ©ne could neglect ^Is. szsällL difference in ^rC   .,  _ 

.ana. ;extend tine; Fa3a®er-3kan curve vertisail-y.,, or., as we nave done in "Figure- 

2a, for   Tf^4" "?- Ö..-95> utilize an extrapolation .Ibefween the Fallner-Skan f 
; ...".".. .:*£&.'"" ".".'.   ...   "   .;:,;, ..;. ~ "'-..---;-':-;-''"" -;; ;   •• .-    ''.- •        .-;..   -- 

aurve^ and the line vi?>£j.   •giye.Ä-^yli(^HiB'^i.,.spilrb;ipa-..  .(la order not to 

..-"lifäiäL.t^e-;assjmp>iioa^Qf.tätig :0^^L.'l'0ie^^ga- i&tyedn f -sad 

the' character, of ,|he:..fl^.^evea^ Bl^ghtly .aii|ptebed.,. is certainly 

11 

assa 



Thug f ("&£. ). in Equation (Siij) becomes: ä..genea^.l„fyijct4.Qn*1.j£pr_all. types.. .. 

of incompressible, flows,"aM therefore- for all types of -coagressible flows 

covering the cases of separation, reattachinerit and wake flow. In other 

words«, the assumption is made that a single parameter j, >€- , or better"f, 

is sufficient, to characterize the state of the flow through all its possible 

development. Of course, all the' assumptions and quantitative considerations' 

regarding the f- h(L   curve should he thought of as preliminary, and may he 

subject to some revisions after analysis of existing (and/new)- experimental 

dätaT--" --- --"-:_-     ;i:J   . " -. - .  ;:   .   ^ ..- -;".'- ; .."." _"-' "_      . // r 
with   -"-"--_ 

It proves to he "more convenient later to work/the quantity F, 

whidh is relatedto f by   "  " '--_J  .   _-_":""-""'  . -     "-'.-'-.-- 

M*3&^tJh \r?7--- "(T-Wr~-'. 

In Figure 2b; the; „corresgohdihg ¥-%&.   curves for laminar- flows are shöwho. 

..'(Notethat in wake-lite f low>, when fand ^-^ 1, F  —*- Oj:. 

Turbulent Flows, iWhiie the laminar case, give.» the. possibility of deisrain^ 

ing the important relation (2,17) and the approximate behavior of the quan- 

tities involved from- theoretical considerations., nothing of this kind can 

be done in the turbulent co.se, because of -the. almost -complete lack of 

theoretical knowledge oh the effect of compressibility, •and because even 

*This .procedure may,recall to a certain jei^ent the^method of f-hwaites^,. 
who used a single meah function, derived by.comparison- between known -Solu- 
tions, in, his successful treatment of ihcc^r|>e?ihi'e iajünar hound&ry layers, 
-witha pressure \gr&&±Qht>j>.   -..'-"-   -    _-r.~    -'_;. .       :..:.. 

gJöW^PÄ*«^""^' a^^ssra?^»»»««•»*1»«»-"»' 
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the empirical Inforroat-iOtt in- "the Incompressible case, i's; very meager» ^"he 

possibility of considering the velocity, profiles for an incc«ir?:*es6ible 

boundary layer as a one-parameter family has been discussed many times-, 

biit it is. not yet clear if this assumption, is- even approximately correct 

in general* If the velocity profile is not changing too fast then this , -.. 

. a/ssu^tien may be coriceeti In. that case- tTie quantity ^&-    Refined by 

Equation (.2.16) can again be chosen as- the parameter representing: the. state 

of the flow, and the function-f is computed from Equation (2.19) by using. 

Known incompressible -values of £j,    #\:and'"...     .^-^.; Ihe riurve of Jigurö 

3ä has been computed from- the low-speed data of . Schiibauer :.and .Klebanof f 3 

(üfc should be observed that in the turbulent ^case it is -possll-j e ,&o take 

Lfc 

f*:l 

&.   " such that'' :fX:~- - '• ® .,  ^because; the tliielmesa^Iea ^ 

fined quantity}. Folnta calöuläted from the; von Doenhoff^Tetervin. semi- 

'9^*i:c§4,^l^-i"räi^'-äre also, shown.: IDhe behsviö^ of this p->&L- ;curv<ä, 

which corresponds, to boundary layers going toward separation, is1 sim#lar to -_ 

that of the laminar case,, and the same qualitative discussion can be applied. 

The frr^rt   path corresponding to any given low^speed case 

reattachmentj or waives can be. represented approximateiy by a siegle curve^ 

consisting -of the curve just described extended vertically beyond separation 

""("^"=^?.f')',*' and. extrapolated toward. £=-?&^] yo- Cover cue- case öi WaK.es.. 

"She-: curve- passes through the-point corresponding, to zero pressure, gradient 

(flat .plate| o .."""-=' '_:'„."".- 

* For a ,s#äi-'inflnite "half-jet'' at constant pressure ^-j — 0.720, by 
dlffct calculation from the. theoretical. £Tpllmiert) velocity distribution,, 
So^ littlei is. tojowrt. about turbulent flows .after separation- that the vertical 
extension of .the f-Vc curve: at this yalüö, of 'S&  should be .regarded only 
as a- first .approximafioh» 

i^^j^r-^«*•--"'-^' 
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Finally;, the additional bold assumption is made that the," effect 

of compressibility can: he taken. Into account exactly as In the laminar case 

hy utilizing Equation (2.17). äS a preliminary test of this- assumption, 

good qualitative- correlation i& observed between, the Schubauer low-speed 

j--^>£  curve and the points calculated from turbulent boundary layer profiles 

. measured through- a shock wave interaction region at M •«• 3'•-©"• by Bpgdonbf f 

and SölärskI- in this laboratory (Figure 3 a.) i Some of these points Cpj?-- 

respond to the region preceding the Incident Jshock wave, where ')&   is dös» 

creasing, and some to the region downstreamuof the incident «hock,.. where- 

the yeloclty profile is gradually returning to its undisturbed £öton 

-  -2;.3" .Mi-Mn^^ätejandJ^ict-iohgcfeeffiöjeht.     "._"'-'_.-.,-.     --' 

--  iVgaapj the. lami-nar case can be treated.by^ elMißat;Ipg cömprest .. / 

•sibility effe'cts. with- the. :ald of" the Stevartsoni traisfoxaation,. and exam- 

Inlhg. known- incompressible solutions ö By integräti^the second relation 

of Equation (2ilOa) across the boundary layer it appears that ^ft'L^v^ 

Therefore:, using the second relation of Equation (2*10) the compressible•_ 

and the Incompressible mixing rates are connected by the fplicÄläg. equation: 

•w? .--a 

1 
v si 

1 
"1 

(2.20) 

Wow for .ah- incompressible flow ('Equation .'2-.5i'i-: 

|2:o-2-l)..   WVj ~   &%le(£^<£*t 

and oh a flat plate 

C2o2la> -e 2C V2 

-&^ -y^ce 

f  •  äl 
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where C is a constant "whose value depends Ph. the definition of 6-L       * :- 

T-he expression,for .^Qj- can be found from Equations."£'2.21) and i§»?ia) 
.  ....    ....     d^ -,,-.._.___  • " ,-- 

and substituted into Equation (2-20) to obtain the value of 4^P~ . . If 

a mixing, coefficient k is introduced such that       _.-  .- 

:(2.22)        tÜL'S  JL-tf&feU-       , 

" "the result for the flat ire. is &. 
^ 

VCs 
She , exprös- 

s ion for tte incompressible cape is ^tci*..-=• ^ >*Y\L 

vtf\,, 

-%L~ C.^   > and the hoh-dimer^-ipnal 

-expression  . — ,•-;--••-.       here replaces the squarei "rbpt- öfc the Beynolds' -mpber 
V^» - '- -•       '""•''•'."•...      "-- -     ö     r

;       -.-"r:~:    ".'""".: 
(see Equations  (:2:,'2I)  and- f2v2-M))o    ÖJhe--quantity J&j.    cän-äisö-he e#aluy 

ateJ-fpr' various-other eolutipns. -of the. läjaina* boundary isjer;;. the forai rof 

the._r.0&tim:giying. -M.,i_    remains thei^aJne, except that £^ Is sow- a fuhetlön" 

of the- pärame/ter determining, the conditions <pf tb§' boundary layer.»    If -the 

parameter K    is, chpsen, #n;C =t"ti;}    is-the same for the ihcompres-- 

si'ble case and for the corresponding, compressible: femily, and therefore. 

the" mixing rate is givreh Py Equation (2>» 22) with     :" ~    " --"^.-_"-" ~"~ 

The values of C (R.) depend Pf course on the definition of Qt ; 

for the. theorietical" "spfetiPna-already dpcuseed^-C (:-&£.) is .given In.figure 

k for the. two definitions already used, in tbe f^>€. computatiohs.o 

Ä similar treatment can-be given for the. friction coefficient« 

"From Equation (2.„10a.). the, following, relation is derived between the viscous 

stresses-,." ;       - .'. T   - "- "      - :_, ". ?-;-"• --"""--"" •-...   .."'; : 

--*;< 

rT - 1 

-f -f-m 
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where- the asaw^tiöny-c^-^T has been used._^Oh the\ other hand 

%       -  - -    - " therefore, 

•,- —    . -     - -••-•_ •"-..• ~—     -•   — -  -   '-     -'-iy?V-c 
Föw for- the: fast pläte3- remembering" the. relaeioiis between,--••'" ~VL •• 

•'•-••     "•     "^    ..: "".""'".- -.:-- .      -.'"••   s     .'_ '     sHp 

and Heynölds number,, one- final: that "Gj;-".=. 33^2^ "    rj^ith constant -Di'-' : 

For the .ötherfincoppressElSel aojLütiörö/ the same relation, can. b| written,-. 

With "B * P,(>e5V.:'^e:. functiph being generally different for different 

solütioasV\Eina3£;yj, theiiCelatinn    " - .-_.        ?-    ~='—r   -   '".-. -- . .v'-. . 

Isives '^fieTriciion coefficient. fpr~thä; _cörr#spohMr!g compressible families.. 

~~~TT '(^;>*is plöt^ä1 in fi-gyrf ^ .fpr/the Howärth and Falkner^Skan solutions•.; 

"-  _"  ^e S^^^öF'"3^\^'L^'-tePj^ö._itlie particular functions. C (^£).. 

'B C>£') represe,ntlrig; .pa^tieajar sra^iöäs with two general functions, which 

.moreover"have to."be extended- beyond separation and into the wake region> 

and,;must also cover the fe^ttaphment case*    Pro vis iohälly, G (^.) and D (^) 

obtained from the. Ealtaer-rSkSn solutions arc chosen as "universal'' .functions * 

However,, further study |s required to djeterisine/ like, mixing; coefficient for 

the .^et-rliJke flew beyond separation and prior to- rejit^lpsnt, and also 

for wake flows with a pros sure ..gradient*    Qf course i)' &iC)' * 0: !beyond.s.epjaia~ 

tiqnj_ upstreani of re attachment,. and in wake flows,?- -   >-• 
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Again the- iarrbulent case can "be- treated- only by. analogy,    for 

the flat plate In the incompressible c&sa> the nöncliffiensiönal expression 
yirv ' - -       — ---"-      -~ - - "-"• . _'  .   . 

-^4fe.. -   is again a function only pf the- Seynolds; rärnber.    If it is 
jMcr :  "'"        .. „ •"'-*•;•        . '   .- _   : .     ; 

-asaömed that thä l/l^11-power.law holds:-for the velööity dlstr:ibution> thes 

two relations can be^written:   ' • /.,      ]: •        _    '_ 

with constant,values for, .0 and; fi.    Equations, analogous to :'C^.J?'3-) and (2.24}-) 

_ Could ibes-Ritten,, where €:- and D could be considered as ^mctiphs; of %. , 

ana, >4£=^- -wciild -appear tö the l/ft*^-power.    But it is doubtful, if these 

;r6lätiönB-jcpuld: .giSre s, correct- answer > inglüding...the effect's of approaching; 

s^epamtiön and of' Jlach numoer:.   for the' present* dönslderiäog that the #assr- 

flow variation seems to Myp..hut..little effect on the tiirButent Raines, and 

that insufficient experimental data are available on. the spreading of tur* 

•hulence „/with vsrying pressure,. It seems.justified to introduce the approxi- 

motion; thafe-^.- Is constant throughout the turbulent '.region*.   The sKip. fric-r 

tion-Coeffieient. £,£     ^8 neglected- in separated flows;,, or is tki^ja; as. a 

simple function of >C  in separating, or reattached. flows.    Of course the 

same rough assumption coald.be made In the laminar case.,, especially when, 

"only .narrow •regions of flow are considered^- In physical, terms; ihe approxir 

.mätiön thatv^   is constant amounts, to the. ässamptioa.th^t;the, rate of raass. 

transport froai isehtropic. to dissipati^e flogs, is proporbipnai 'tö the mass 

flux density of—the Isentrpjpie s-tream«    (See gquatlon (2,22))« 

So far as. the order of magnitude :PfjE Is:. concerned^ for the houa-r 

dary layer on a flat plate with zarp.pressurja 6^^ifät^.-"^mtiö^f&.'9'|- 

j. _ _ 

S: 
ja.. 

W 
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yields the relation 

M-:^ s'^c 

where the subscript aero here- denotes,conditions at.zero pressure gradient« 

At a, local -Reynolds number of 10° 'and a Mach number of- 2v<V one .finds 

%rp. ~ \-\ ^ •'"§-' -     ^r ^lj4t l^k^jboTaröary layer with _ GL e. 
while   ,^%Ü~/.S X. iö " for the turbulent layer.»    In. turbulentseparateä; flows. 

ana ..jets apmewhat larger- values öf *fe. are erpected..   3?ro3i the Schubäuer 

•andjKlehänoff data5 one finds that SFi.^*'   ö:?03 near turbulent bPuudÄgy layer 

separation, and this value is utilized for turbulent flows, in thjg present 

paper as. .a. first approximation.    The fact that the turbulent mixing coef- 

ficiegt.fk* is of the order_ of ten timef^ the- iiflminar valua is largely re.r   ,._ 

apoMihle "fpr themarked differencebetween tujrbulent ;gnd laminar. inters 

-äctxoii' 'phenomena.;' .        "''.'-: '"" ""     •"   "    .""":..'. - '_'•'_- """." ----;----.-- 

"The constant mixing coefficient, introduced in this: way should be 

regarded only as ah average value., the introduction of which makes it pps?- 

^ible todecide whether mixing furnishes jgie main mechanism for thepreis- 

siire: riß.« iu. interactions between dissipative and is^ntropic gas streams« 

Eefinements, can be introduced later when this mechanism is firaly ©stab-? 

lished1, and when more ezperimöntal ddta are. obtained on the mixing process 

with ^ryi^'pressuie^ --—_—- —---'-'—       -•—   '-"r~~r ~~~~       '. ""t..- 

2.ak   Reduction, of ..Egiaatlohe of Motion,,to ä Single. Equation for .Constant. 

'M3M-n^-G.öeffic-ient. ""-" -    -    - ;   '-    :   ------ 

By-. introdticirig^ the relation (S\yß] between^meän t^nj&räture; and 

mean velocity,; and the aaaitiö^l Equä^iöiof ^läj) fö* $§$. 'ü&i^/rgfoy     '["' 

=• T% '^IWSm&SH*****" 
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which can be also written   <w/ 

"(2.25)     4m-^*       -'•>""---    ••""•• ; 

"       <**-.,..-.      <pt .        •     .     ; -__• 

the equations describing "Ute flow are completely defined., provided "the 

Co&frieient» .J^ and e^e are kno'sii-o in what f.OIXOHS » the di'sc-dssion $s 

restricted tp the simplest .case of constänt-id^ mentioned in the preceding -" 

section^ Which permits a great ^isplificatisäl in the discussion- of the; "-Mi".."" 

pörtant properties, of tas equations and., moreoverj  at the present time s:esms 

to. be the moat reasonable äss.iimptiöiLäh.. the., case, öf turbulent flow. On- 

the other -hand- C-£. can. be- replaced, by the- quar 

• w.±th=4;he advantage that -even; when Jk.   and- <Lj\  are. assumed to depend on m. 

al~f§r i-ns^nc^-in. the laminar casi Jgqrat'ipns. M.2$)' and ('2,2^ the effect 

of m is.-f_a4jflinat.1ea-.in. <r 3  wh-is.h is. therefore a- function- of >£.  ^lone,^ 

For .separated flews^or wake- flows• .'C£  is negligible or zero and therefore. . 

<T-.is. 0 0 Sor - the" f latTf läte^.or =Ti^ " ~"_ :r=rr=^ —-^- -    - : - - _       -: 

By utilizing Equation (2t25)_, Equation (2„l) is reduced to the 

.suggestive "form 

'••'•"   : (2.26)•-.  i£^= =•&'-* A   - -  •-, - - 
-       '•'•""   ;= -sK__ ;-; :   _--.- :  . ." -   .. .     - 
The .distance r. along -the;- surface i^i^Bl±B£^M.Jfr^S|ys£.iSQS <:2-.»7j, 

1%   <i 

S---1 

=   .1 

(:2b3-j' and (-2*:$). with -the -help of .Säuätion- (2^25$? .and' '|hejmc|aent?m feM coh~ 

tinüity relations are reduced to two.sto^^heö-iM e.g}iät±<^ for  "if'fy^ and 

or for 

$. ' -»    i 'Vsf5* 

*V". _•/. 
•i 
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•First, vrth the aid of Equations {2.6c),   (2„1J:)  and {2*19),. 

the mass flov equation- (Equation (1.?)). is-rewritten in the .föna.  - "- 

T2.2T> "mk|f + V — Hii- w^j: - Y^pw-eJ 

By differentiating the' value of <P obtained firom_this- equation "with 

to Y    ;" dividing through byJgV *ä& ^^Tggjtot^^.^.«^_^^rsg 

equation i-s- obtained; ~     .--""-""". "'.'-. - - .- - / 

1 

J['2^2C I 
d'.lirrcfv t 

f+.1 VSp-Vt I 
,prf ;-••--'"+" 

> the, imeäEentsüv equation- (:$q^tion :(:2j5i) hecoaeff 

^m^i Ä(^ •ff-.ht. 

v| 

where the Beirnoulliequation (Equation •(•2.6d:))"has\ -been ployed to elimin- 

ate^ tfte pressure., - 

and ?H.29:| for 

So long as the determinant of the simultaneous equation £2,28) 

,^^_- äud 44IS- does not vanish. 

a single nonlinear first-order eauation for a ^ S. /T—LJ- a^: -ia^ct 
* for &L- if the relation -~^ - •%-- ^H~    ig jm]ßl^L. 

«i: 

. IS  Awsftp^v^v,« 
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(2.30'! 

dF      fi#-w£ -#- ^^ir^M^^^^H^ 
i 
a». 
sa 

-#*= «mm gpp SM d-«: 
ar -t + rl F+:i ^ fe-'-V/j? 

vr i±!-^ä 

Since,. JkA.ä56£) and P == F-(^£); are presyjaed J^owh.and .'©\jf-\A0-  is. ,g£7en. 

by the Pränätl-Meyär relation tör "by any .other p^cadure for non-isentropic 

flows)',, this equation is integrable .by' numerical -methods-.».    . 

"" _" When ^d - constant and: <T :~=Ö, as in separated flows or wakes, 

Eqmtion (2:^30.);. rednoefe to 

il^i)^ 
- •_. i   ^ 

•which is; a Mccati equation* A "sin^piified" theory has been dev/eloped in . 

Section h: for this^inipö^änt/speciait case» 

When the determinant of the equations (2V28) and (2.29) vanishes, 

the numerator and denominator of the right-hand side of ©qyatipn :(.2:..393_ 

also vanish, and the equation for ^f~    has ä "critical point" which turns- 
-- -    • - W" 

out to fee,very si^xificant for the determinätTion of thepioper solution^ _ 

X 

%) 

-11 

2„,5 gritibal Point of the. Equation, for ,^Ä7r -   and .Its, Sign-if icance» 

Suppose,, for simplicity, tbafc only wake ,flows or separated floT*s;_ 

for which jTkQ .^ars. considered kere» .(Slows in which skin-friction is not 

negligible- can be included .in the- analysisj and wil2L form the. subject of a. 

later pape?*,} ^Suppose also that the. external flow is iäentröpi'c. By 

—i 
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setting tooth the numerator «M:-denominator of Eöuatiäiv '{.2,30:)- equAl t-"> zero 

and solving the. resultant simultaneous equations fer r^R    and VVe<^R 

with the aid of the Prandtl-Meyer relation, the location of the critical ; 

no-int is. determined as a function of We    or M   > -where M  is 

the Mäch.numtoer of the free stream far- -fnsom the toddy,; where .0=0-... .When _ 

the denominator vanishes " -:-_•    . - .    - ,-••. 

^.3Ä).--^«-(\->^\i|s3 s 4- C 
£R Cft 0 ÄLuA^ 

z: 

provided 
SF 

r'••"•- K-#^Q- or =.const., the 

denominator never vanishes and ho critical point exists. When the numerator 

also -vanishes^ . - ---__-- 

_ JYW4* ft« +>s«isty:*-.-(-r^ C2\33>  f '.£. 

Where Equation- (2.32.) has.already /been used.to^simplify i^e: result. Equations J 

a 
-r~~   ana v,y,?-ctt ttB J-un« v.tv?u» y* . ?~v« • y**»»w 

O 

(2.32) and C'2.33) define -^ iM ^e^ äs functions of! ^ . Since 

t?£S . _ n r,V   ? when Jc is very small, as. in, the laminar ca§ei c%«_ of) 
and    Vs/eca. ~- ^4, *    In th6 tü^buiöat c.ase> however,,    k-   is not 

small.,    For example,, choosing   -k.= So 03: on the hasis of the Schuhauer-* 

/vü< 

•j£j.e ottxujA J.  U»A.» iic--«.- turtoulent Separation,    and utilizing the F -<*&-, _   curve 

of Figure 3a and tne, -g|r\:       GU?"*» 
ot Figure; 3h/ the; values of!"^, ^CA oi$.VJe 

shownin Figure 3 are ototaihed as -functions of   . V*%      *    It. appears that 

'©•fcfc     is always .negative.. _ .. ..:--.     ;   ~     " ..     -_.     .'..-.. 

How, what is' the significance of the critical pdirit?   .Slhce;%.R 4& 

it _t8 necessary, to,.consider pnly '"reattachihg._f lows", suök;Ä& the £1©* .aft    - - 

ja 

-r— 
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1 öf' asüperspnie airföil with a. blüht trailing e'dger -or ^e-.^e-ä#fcaclBaen.t 
•f'  - ' - . " "-•-' • —-  .-.""""     -  ~- " —" -~"~ =-.' - "": - ' 
I pf the separated flow downstream Of the reflected expansion "faß." in. the- 

p • .laminar boundary layer-shock wave.interaction.    - 
I --• .-•"""'     -        .        "     ..;-:•"". "-.--.   -      -  •••-•-' '• 
M L     In the first ease.?..for exämPIe-r \C must- increase, ör F 

M ---'•".' -. ""   must-decrease: and We.  must decrease steadily during the recomprese-iOnr 

ff that occurs in the wake after the expansion around the-sharp- "corner'' at 

I  - the trailing edge» In other words,  ^r^r is" always, positive £see. 

%'"-'—•"-' Figure- 6)? - Now, -in the separated or'"free Jet", region- just. aftof the 

-base >€:  is constant and" ^;%^:;- —Q r  so that the ''denominator 
  or   - " 

In the express ion for  -£&    in Equation (2.30:) is initially negative:* 

therefore, the humerator must, also be initially negative. If #*   > er -.- 

the flow inclination angle after the e%ansion around the eprjaer,, is 

•larger than: the proper value B^ ,-. then thäde^bmlpatpr will vanish 

before the; numerator during the recömpresslön- faime   J£%- -4--6?'- ---- jvand-^ 
:'•' -.•"•.-  ".jfE    . .-:-"--"    . .'•• : .."   ' HF-••- "....-;;-.^-•"-.-: 
the slope nr^" will become infinite at some point and negative 

thereafter*: In that case the F(.WgJ integral curve can never represent 

-the- actual flow (Figure 6)c Gn the other hand. If ©r-   is smaller than 

the proper value;, the numerator vanishes before the denoaiinatör. and •£*&- 
dw«, 

passes through zero and becomes negative thereafter. Agalöj—the ,F(we) 

eurve cäimöt be the correct representation of the flow. Only -One value 

of  #£.    -j -say" &;y'- ,  permitsthe integral, curve to pass - 

through^ the critical point where numerator and denominator-- vanish simul- 

taneously. Thus the critical point acts somewhat like the -throat of. a. 

noa-zle. in determining, w^i-     ahd "tte" has©., pressure for the .given boundary 

conditions at the base fSection 3). 

. * ~ . It to-an interestirjg._faet .that the location-. ;pf-the'.critical point, 

does not in general coincide with- the- smallest cross•?section, of the mixing 



10 

t- 

re'gioh, that i-ä, with'the. point at wMck'iji= &••*•'Jk'± &y  ^ ^^ " * ••-" 

-By referring to Figure 5 one sees that in the turbulent case -^.<r.f.. > *~ '" 

for I «t.%%. X i. o I ->     so that the critical point lies downstream of 

the narrowest cross^section; while ~|~ ^  '    ^or V^€-"^ \.(?v > 

so that the critical point in. this range lies upstream-"-61?" the narrowest 

crossrsectiont - In any case.., most of the recpmpresBion occurs before the 

critical point is reached, 

itial~ roire" here> because for '~ 

and no 

_ Evidently,: the mixing: plays an 

3£J= 0>, v V^&'-Iäe,     , is- positive and equal"to 

critical point exists. An analysis of compression flows of this type that 

ignores, the mixing process cannot possibly represent the actual -conditions, 

-•gasp, discussion of-the., role ,0f the critical point feieiij-t .exists) 

applies--.also-to. the reattaching, flow in the boundary .läyer-shpclc'wave - 

interaction p^enomehon^/evenwhen. _" <T"^# 0        ,  ^thöupT the discussion 

faMm .cö^licated"^.-«iaä.lbji."^^^^- later •paper, |nthe ease or ä 

turbulent-boundary layer-shock wave interaction, the flow problem-is un- 

doubtedly modified not only by the  action of akip^fBicticn, but. also by the: 

penetration of the incident and reflectM. shock, waves through the layer 

(see. Section.6).-  ..".-.-".-. 

•3. Ajggljg^^ Sug|rso^^a>' - " 

in order -to. illustrate; the- cphc^ptö and methods, the -'generäi; -- _.". 

theory is -applied to the problem of the determination öf the- base- pressure 

.fpr-a.auperspnic- airfoil with.a blunt trailing eäge anä:a. t^bülent wake:- 

; figure 7)=*; ;Consicter the simplest case in wliich the airfoil surface is 

.—- 1 

JjBR base-pressure .problem for blunt-basedbodies of r^plutipn is now 
in progress at this Mbpratoryo .    .-• -. :-    ; 

ra 

»—f^**,, vzzz.*,*&^rr! it -.<-;.£>*** «s-f" 
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-parallel te'the flight direction at the traiiiög füge, and the Mäch anmböE 

just before the expansion around the "corner" is approximately equal to the . _ If' 

free' stream J?äch number. If the rec.ompression in the wake, is regarded as-     '& 

isentröpic the Mach number far downstream is again the free stream- value.*     I- 

The values, of >£  and F ajt the critical point are then completely -de-     Jf. 

termined oiice the, non-dimensional mixing, rate? k,. is known. Integration of    |. 

Equation (2*3.0)' may be started at the. critical point, and; proceeds both 

downstream in the wake- and- upstream toward the äiirföil trailing edge. Since 

bgthEnumerator and"denominator in Equation C2.3ÖD vanish at. the critical .. 

point* a parabola, defiiied by the equation . -.-.v - 

fe1> ^Mfe^ w ifi^l &i*£ 

is utilized ih the immediate vacihity of this,; point:, jEhe values of G^\A7-/-_.. 

•"•-   /.ä-^f V      r "~  -"-'-'" '-'--"   '    .•'."""' . - ~•.--. -'•'.' "~"^-e 
and-   l 'X\^zj       ^® calculated bysubstituting. the"p.a^bol-i:e repreBentä= 

tiön öf ?(a4-,): into Equation t^ÖjjJ» An -analytical- representation of the- 

?'->€.  curve ©.£ the, form. ^ = 0-92954 - Q.I0382F - O.SÖoJi-gF2 -jf 0v«4p7§E3 -. 

©/QSJgÖSS* - ÖvÖg9i4-e^-/-'G.Gi5Ö5F^ is employed near the- critical point- and 

appropriate polynomial approximations involving fewer terms: are -utilized: 

away from the critical, point,, where the integral curve is less sensitive to, 

the function %t- }€.(F}-. Numerical integration, is begun as aoojieus; the 

-    . AV.      - - "'"- -  '=--•     "-'•"--"'""-""  .  ' ."1-.'- -"   " " -'- '-•" 
slope  -^4—-    can be calculated numerically with sufficient accuracy. 

from Equation (S.jO.)**. - - .'-:'"• 

* If the oblique shocks in the wake are sufficiently strong,, shock wave 
losses ceg..Ktspjbe taken into account in a ;moris.':e2act -oalcwiätiön. 

**' It would also be possible to begin the. integration Just after tM erpan» 
siön at the trailing edge,, with serious trial values :of $;, (-.or-WH- :

)J? 

K^wa**--'*^»»-' -**"*** 
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- _ - _    Fär ^^wnstreään öf the- airfoil, äs fä^eady: discus;sa;d;> ^t-***" .1 

and ;F ~v- 0:. 2h<5 proper formulation of the "boundary condition at. the trails 

iiig edge, on the other hand, requires a Igaowledge. of the process by: which 

the boiindary layer flow at the body surface äust upstreäm^öf the- trailing' 

edge is transformed to .the wake flew downstream .of the trailing, edge. Bo 

similarity parameter exists for this viscous "flow, and the. problem is fuzh 

ther complicated by.the interaction between the viscous flow and the 

"external",. isehtropic supersonic expansion: arömd the "Corner"s In the 

F ~\t    diagram the actual transition 1^2-3,, indicated: by a dotted- curve - 

in the aecompa^ing sketch, - 

' _ _a 

F 

M 
-_~----~   -   ,-- ...:-^.^....    . 

- .   -- t       ' " 
.-.-.   -- - - - --- I 

7 
'•-    ' -   ~ 

./.   -  -•"• --_- -.-:-"• : 

 -.- ..'.".     i":r .._ 
"-..-;--   - • '-..    - !l•-•- •--•-••-  -. - 

" " 7__ ^_ - "-.-./•' 

-/ . ' ."   ' 
/      .      ..-:-• 

; 
----- 

/ " 
./;- 

^S>^:- -       J ---: --:.._ 
".-" -tab.",     vv.. "          > -g" 

consists, first, of the expansion 1=2> in which. ML  increases, because ;öf 

the- uniformizing effect of the expansion, and F increases because the 

(^Footnote -continued -from preceding: page )=      --    . 

and -ohus. determine the value of &i    "for which the integral- curve phases 
through the critical point tsee Figure 6)*:   In fact, this method is the only 
feasible one for-the general casewhen-k is a function of m ana V?-   iiWg* 
axially^sypmetr-ic supersonic flows, where the. relation between vJte ana & 
is not-known, a priori., - 

"1 
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dead-water region is now included in the dissipative flow a. A subsequent 

smooth, adjue-Smejit 2~3 occurs to a condition ;close to that of a free jet. 

To be consistent with, previous approximations (Section 2,2} it ia assumed 

that point 3 lies on the vertical extension of the .mean F->£ curve (figure 

3a>?"•--•   ;   '..""_. .""."--•_- , - . ... 

-A. rough calculation, indicates that the "free jet" flow is es^r 

tablished in a. .distance les£ than one boundary layer thickness.., &:B  \« 

Eroyided that, the ratio of boundary layer thickness to airfoil^ thickness at 

the trailing edge is small, it seeins justified to treat the ptc-blei* approxi- 

mately by assuming that the transition to the "free-jet"; flow occurs over a 

negligible- 'portion of the wake just behind %hp body>. and that negligible - 

mlÄii3g.;Qccur.s:_between stations 2 and 3? !•#%- VY\JT,?^ y^^ i:  CChe actual 

tradition 1-2^3.is. replaced by a. "jump" lr-3 to the free jet condition» 

In. integrating Sg^ticin:. (.2*3.®) from the^eriticfal point- towair': '-.lie airr-foilj 

the f^W  curw is; followed7 •until. V£. . Iquäle ..^j   * or the free; jet 

*,?aiue> and the "?slue of %%.     is taken 'iq'.'&a constant thereafter and equal 

to &fi  . -Of course, .Equation. :(2..3&)V.ia..^ inr 

%h£e  region. "      _ 

To this approximation the boundary condition at the 

or . is 
$*&•*  * 2 

r 
(.3.1)   J^.-lk- *   ^- .      - ... 

-Sb  2£b   ^"b        --••:•••-  ... -,  "7.  •-._.-'. 

where h is the ai^foii. thickness- at the trailing edge, and the value -of; d; 

.lies, somevhere bet?een (Tfc,  , the boundary layer thickness at the trailing 

edge,, sud £b<      , the tMekness cf the ''free^jet"' möiisg region£point, 3j) 

established just aft ojf the isehtropic. expansion around the trailing edge 

§ 
- 

-1 



3* 

(Figure . 7)• Sine« 
.#-•-.-  - ••- -  •-..-. .- .-"••.:.-"-. V :% .- 
~W~  . .  is generally .small compered ¥"i£b> '2$^ 

it does not need to be calculated with, the same degree of accuracy as 

:f...- •^^_-^J__^.„ •:;i,v;- 
X Therefore^ the approximation ' b'\ " ,, which seemed to. 

P0 a reasonahie one., was actually: employed in the present calcuiatlpns. 

She. ratio •g'Ts. - is ..obtained from, the "mass flow relation-, äs föllbvfs: 

or: 

Ä a"-4'Ä ;iiM 
5T-I.-1-- 

where; :§~P^ and Mt. ^ '::::) 

th@> :Mach number .at- large distances :fr?m the. body» Sor a iufbulteat boüpda^- 

layer with a l/Jthpower velocity, distribution*, zero heat transfer at the 

surface and constant .stagnation enthsigy,. the values of (.1•—•  -$"' )\ 

are-tabulated below: 

M     ••'. /:>fa 
1.5 J3>«06 . ^ 

-2':.:p   - VQ*$3;... 

$eJD "''"".'".    .OjSoS 

if.O; 
•&5$j. 

-":-• 5.VÖ;         Öv5ÖS 

* fhe meager data available indicate that the l/7th PPfer '^lopiij! .'#3-^;, 
tribuTbion is not "top far fröia the i^utfci 

« »WBW, ,-M» rTMTtt.^»**' 

I- = 



f   -'-': -VYPI 

'g&y; 

'I A 

•B 

*&e quantity     f :i^ ^~-'j '• - ' '.' . * " '" ""'"V.—'-" 
,-.      -•    .- *       - =.      • -  ve oüe -valueGorrsBpöncüLnR- 
to a türbülsrt bounaarv"iäV«» ^tohf W, ~ +   1* " -"-' "=   ~'" 2'~^^ - 
,--.-. - ,:       '       '   V     **" r±m -W» to tJie **** *»«* ^raM^i^Ä,^ 
the *^ill^--.eag.e-- „---"-'•...- '"'' - "•--•-'-;•• 

. v-:    ;jr %• ' ;   •-      c^5u54tedfo£ &,ieH-spaÄ^ -f    -_ 

,„ «?Q^nt half-^ acqördiäg tö .foJisiöaÄs -      Ä- 

«**r i, .0.^, «gim ^|,ÄMd in EQmt^ Ö^^;^; 

~    * th, aid o, *Ä^^ .^^r-V^S^ 
ig' in; tilg, fcoundäry .condition Ma   ?Q- iw7 >•'-   -t    • --•'- - = • •---*"- -« 

^a Sgtptioa. ig^jris- ff 

.2 

% 

tto -effect of ««ÄMhte^ ia ***&* -<*- *-   ^ -_^^--.::L:^^^- 

it Is believed 

*   «ä   >£      v.iii.jiacJi .auisMf ia julte .small, 

~p~~        are deteräliied as functions of We m,***  - •    ft    " 

"^   v -" '& ? ^e*e coi*esjppnds a valixe öf    Ä 

y-L;, so that the baee pressure ratio   ^i^r/fiV-A 

jT--       and the niziB^ cde^icieat ^. 

1 
! 
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Jßf|JS-', 

.* * 

-   . .        - ^s~. -  '-     '------ ---'•" ---JT-'- 
Chapman's correlation-1"r of base^pr-essure data in. tezäjs of  jffi~^ 

Tr- 
an "airfoil with a blunt trailing ©age" -and a turbulent, wake. i& now eomr 

pietely understandable,.   Itröm the nature of_ the integral :cji^e_|L(W-)— 

the relation between   -#- and F (Equation (3*$)% <&tä tke, hgtrnfeysy 

condition at the airfoil trailing edge (Equatjiön (3«iJ)* one? sees, also 

that for a given mixing rate in the wake,. We.b:,      is OJa&ger and- the bass 

.pressure'ratio-      ^fb* . is lower the- smaller the, value/ of 
-f> 

For any given- body shape - 91 b.   -: 
fe. 
SJJ.— 

J.?^A%.T: /., 
depends, oh. the,;Eey^läs where the functional relationship for 

number range f QTL laminar^turbulent, transition .oh. the: .body.. .The .base 

pressure is therefore determined, as a function of Eeyholds number., Mach 

number, Prandtl •i&mbe'r and therinäl conditions at the airfoil sur.face_once - 

the- Reynolds number ränge for boundary layer tradition ön -the body is= 

Known, and once • k- in the turbulent wake is known* A detjä^eddiscüasion 

of the various' flow regimes in: the bäse^pressure pj?oblem; yiil -fe|./glroä; ii. 

connection, with the application of: the. "simplifled" mining theory- in 

Section. Pi   ------\- . _-v---..,.-  _-•--_:- 

-.%ii 

a 

Pi 
Ihe dependence of boundary layer thickness;     v D    oavSfc 

-    .."   " .    - -    .:..   -..•';•      • -:'.     . -•£.'.' -. 

number and Mach huBber can.be prescribed as-.fqllowst 

%fc suf^ic^ehtl|Tiigh~B7eynGids numbers-.böi^idä^ iäyef transition; 

occurs well forward, of'the. 'trailing edge,; andthe turbulent boundary layer 

thickness is approximated by the follpfiag; föraöla for ziarö heat traüsi'er 

to the airfoil surface:. *"- •_.---_.. '. '       .".."--:.,:_' 

C3«4/ Ä fife 

w.'-«.-M"P V- fr:''-:""-^'"T!f-W,..- 

•*    -. f-    - .'•? 

r~TJ-Jl... 11"    —nTiMW'^Miniiäi 1 i-i - •   r — T 
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is evaluated"^byassinnins'':e l/|th- power vciocity-äiv--- The ratio 

tributipn and-ifpenergetie flpw,-*t: and tie "comj 

T^A^;- - r is täxen~#röjfi.Fi=gure 19; of van^Erils^s- paper-_-, 
-r/vt£<--l      • -v-    --. -.--_    --_.__-.-•-• 

tSQie, factor Q.037 Eeö - 

Valuesi"--öf' 

5 is .of' course the low>spse.d: value of. 
<*#*V 

ana 
%i:.iv 

"~~ 1.5 „-_- 

r-** ".- 
are tabulated- bewölk 

-*•# 

<Jr 

•a. 

;o:.Q-7i 

- •»= 

Öi63Q5^ 

In this:. sp^caMea "fuliy turbulent* refiäe7 i=t- :^3;öar-tßat^tß% 

tä~ 
%%.. 

'At- Ä ^hase pressure fatiö depends only upon the paraffigter 

givenMäcltnuj&eif>. ;a# found by Ohapa» '*'' > ... - .__" _"""..; 

'    At. sufficiently low Reynolds, hvanpers,; on the other W*j 1*?". 

.airfoil boundary layer is .completely laminar and, for zero teat Wander at 

;"thei.%irfoil,surface;^ fir,»: 1 ßk$   J4: •'V ;';      > ._._ _.-;/ _... -1..; -_.._..";.-. ..-• 

©Ä Ä  . ^ fö v^^tjiL -#3? 

r-si -#s 1c/ 

•*   Of cpurse.vit, is: to c also ffcKi van:-££££•£& 

the;' van psiest Velocity distribution, and the, 1/fth power distribution^ 
"- '" i&'&Bm üsedthe lattepr until reliable dai« i^ cixtaüse«.     g^  _ ;' \;.j." 

•** The value 5.60 appearing in Eauatioh (3.5*) cprreaponda to    Ufe     S Q»W^* _.w vaj.uc.y._    jw __ - CSS© ^^ paig# 
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Twodifferenttypes of tr^ition between laminar and turbulent flow in 

the ai:rf oil-boundary iäff r äre -assumed- at intermediate BSynöld* juMrerg;:. 

(Figured, -"-"-" r   - ---•---•-•-'   /' ;     '   ' "Y"1. 

(1} Jföansitipji for &jmpoth. body,. Afitn the tt"a^£tjtön point 

located at the. trailing edge when Be   "= -4' x''£#> and ä very ,graduaX apr-  .-.-- 

prq&ch to fully xürbi#ent flow,., which is assumed tö be attained at -the    - 

trailing edge when Beö = 12 x 10ö.    Such gradual 'transition^haye been, ob* 

e.er-ved«b^erl&entally by mlspn^;> for exasaplgj    --"   ----•---.-       - --- -r '-'--- 

(II.)    transition for a body with some small roughness -or .external 

disturbances;,, with thetransition point located at the. airfoil, trailing 

edge ät Keö "= 3- x- 1© > and fully tyrbiiieat conditions äpproacb^d Aush_-«ore 

x&p0^tihm;-^. % at Re. =,^;x ior* •-._...--.--      >1    v        _---•--'--;--""    -.--- 

The transition Reyhpids- numbers are assumed to be -indepe^ieHt ,0f 

Sa^h, .^bg?;    V^iigs of ^   and   .^^       fö^ntjhe^oun^ry-layer-w^tgpS^ — 

äirföil. träiligg. edge are tafcert to be those fiörresponäing- to-a fully tur~. 

bulent boundary layer until the. transition point moves aft to the trailing 

Sines the wake is- turbulent, it ie austified. to regard £4s:-Oon~- 

stant in first approximation {Section 2o3,)-   From, the Schubaüer^Klebsnoff 

däta^ k~^;Q*03- hear tiM^ulsnJt Reparations, and ^isi täiu.s-is utilized in- 

"the presset" cemputätiohä..   'With this; approximation-,, the integral curve. £(:vvfe); 

^obtained; by numerical integration, of Sguätioa tgV^Q): is iftdlp^iäeat ot 

Reynolds miaher at a given Mach humber>. and this eur^e.ia utillzcd:.;£'or ,iihe/. 

-'C?potht>.te. cöiitlnued frc^. preceding ^^ö)~ . .1.. -. -.•s^v A "*•••-'-."  - 

To be consistent this value would have to be aS^ra^ä.to B<pfoxÄ/""^eii^liw,.-.""'-;?• 
value; of if^M .chosen; in- "calc.uiating -ehe Jamioarv.^'*^''^.^cli^«>Jii^.^--V: 
eWple.,- for" " i^ _=: 0.j9» the constant is 5<orA6^eu^i^nä;5b^iäÄ\^ 
5>-6ö had already been made, before this £pixj.t was >5i6t.iöedj .hp^öyefe ,"t|^/-rofA|fet,°/ 
ihg älfferehces- are quite fciaall, pax ticula'ply in v4ew of'täo other ap&rox-i-A 
mations. introduced in the computtvtiotm-, "---'•"- "" -•  ' M 

-S—'S 



Two different types of transition between lami-pär~ and turbulent flow in _ 

the. .airf-0.il boundary layer are assumed at intermediate Reynolds .numbers-: 

(Figure 8-), , ~: • . 

(I.) Transition for a smooth body, with the transition point 

& located at the trailing edge wheh Ea = k x 10-, and a very gradual äp~  ; 

pröach to. fully turbulent flow,, which is äss.T^dliö:hje attained at the 

trailing. edge..wheh'Rec •? 32.x. 10". Such ;grjädual transition^ iaye been ob*\ 

served experimentally by Wilson <, for example*. ':"".- 

C.1I); Transition- for ä body with some- snali fpugju^ss ^ör ^terpÄ _ 

distur.baneesji with. the. transition point located at the airfoil trailing 

edge at, Eec. ? 3-S. 10- 4 and fully turbulent conditions, epgrs^ched much ^o?e 

*& 

----.     _L_    The transition Rey^^ 

jMgch numbed ," Values; of;f^" and^ If'j~'^."_ fby'.^^pp^lay^i^^T^- 

airfoil trailing edge are taken tö be 'those bpr¥.eöpöhd1ii| tö d~fül3$ £ür~ 

büient. boundary layer until the transition pojfot moves aft to the trailing, 

Sihce-the. wake, is_turbulent it is Justified toriagwdi-m-QäDr^ 

-staut in first: Approximation (Section 2. j)>~  feom the; .ächubea#?-fö-ebanöff 

data/"', ;k-^*^0vö3 hear turbulent s.öpära.:&iuK> ;fffid"3äiJ^7^^^\i:s.'-U'%il«S!3.d; i:«~ 

~!3 

the present c^putaticn&r   With, tääls: -e^prj^|ja^4^^ •*ls%.^f?«!#^s£' ;'9Wy«?" f'i*^* 

Obtained by .numerical integration^;? |^i^tl|ii:^3j|: -ils 3^a^^eap^?fti 
• ,-_^>v .A^, ^•^i-D^GfcJJ-lfi-t 

'Reynolds number at a .givei* Mach husSer, aM:^»rcia?^^$ ^pj^dvfosr t^ 

(Footnote continued fr.csä-.ä?racediag,;pege|'. 

To. hö consistent this vaiueLycii^'1iw*\W'W* 

.-O-..^,•;^ J 

5*6p -had Äöälv been made before this £scd$fc iwsä |£gM»3^ %&i$&fr- &*?-*?s 

ing differences äff quite small;. pafticulss1!^ £aj&ei**iä£ -^^c^b^-^6® 
nations introduced in the o\e^nts^oja!ä* ; 1I__._ _..' ..._ 



-tt.     - 
-W   ~ * • 

•4,1   j%glc Äsfei^g^ogBjmd..Ea.uä,m'öRs:» 

'   ^   .   ^^ 

flow* and walces behirid blunt-based bodies surges* that le• «MWMt ^ 

these flow* can be sc^ewhat süaplified vitfi the*aid. of. ä very **» Äyt$*i 

a^crtationa,. ** aim of suck a •-BMpMfied« Äing theory is to'^r» 

an JBSWöäW description of the main >^«sa*W of ^^« - 

x^taolÄfi^, in .such a form- that some- general conclusions mn*e- • 

d^-«.a oiea^er i^»fc:,gained ^^.«^"«:1^'ft^^**:'"--:' 

mthese-flcws.    Qf course the results, of the: &&^_&p*^ *** be. 

:Äpared with thosg obtained by the"more:a^ct amlyfeia in a few critical 

cä^tp^^ --: 
-,- •: :-~: eonsidgr -firs**Wflow ** the^aM bebiM ä a^ersphic airföil- V 

- "Z. ZZZZ^.ZZ. ^_^n^_~*wa:^ "3äsÄ*;"-.- _: 

- 1        " ...... •.   ^...   ii -^^--—^n;»r ^iäo. äfTOBüiH rärern: "the upper* •"•-füIiSeK^ '®> a:^gion in wn^n ine..-«*«**»*. »^-^^^.r— -r..--_-----,"—-_._ 

and lower airfoii "&#&**. #* ^rpacMng. one another, and the "dead*  7 

vater're^^aft of the ^^M^''^M^i'^^^.  *?*'^ 

l:_ 

-v«;f 

:L--.:-a! 

Ji-o :^B 

jfehe flow deflection am. rec^pf ess^ton äceur >n ti^. reg^ &> * -^ 

-towi^e^c^^ 
,^al ^ti u-•varies. only slightly.   Eöcäuse of the; '»ing"* «* 

t^^;^^*^.^.«»^ d^s»Wf low; ^prö^hes-a ^ 
li. while: 

U. 

in region,! U.  is- nearly constisnt wh$le f is *B$lag» Region 

2 both, E ana ^    • vary in .general.   .ß^B^'^^.^'^^^1 

.curse -in Si^rS: ,2a «*figure, 3a ±B- replaced by a Sr^n cia^e^. 

Ml 
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-% 

of- the, extension -.of tue TOrtical line Sfe ' *. .const-, down- to f V 1, and.     : 

fefief horizontal segment f * 1 up to U   * 2."   ;?he^cofrePpohdip| curve--in V- ,' 

- tte-^-^C   "plane is cciposed of eTvertical line and- m arc of: the' cürp* 

*"*^^    *l-*&*m, for example, in .Figure ja.   Especially inthe; tiur- 

:..^i^^Ä^iptioa is- # too far from the actual. ._£**£  curm^ 

-' "She- two flow regions; will ,now= he-distingT^fcsd Äöre sfcarpiy by 

"the -conditions   Vf = const.. = ^     in- region 1, änd f *lr ^.* M*-;f' -". 

i=nregion.2.    She dii'ferential equation corresponding to the f^at region-, 

i-a the Eic^ati eöuätiön (Eguation Uf&2h the!integration q* ^hich:gi«ss "  - 

T be:): in region 1.   Sy integrating Squati-on {2.294 with  ^= $£|    ;sh£K- 

<F ~ -f -the.^8s. fviux-m is- ohtsined^la functionOf w^ 1" anally, -^tibn 

X2..27) gives 4  äs a function pf %/j?y ^^±m^^äi^m-^^J>^^--^--- 

^I^"Wj^;Ä^I is;.functions^ of x *n jr^gion i; -   --. -r -----.-'- --.--•-'' 7: ,-"J-'-...--l- 

.. ..:     ' Xn region 2 the gqterni^ equatio» {%^. £ivenlate^ imth^    ,:. 

corresponding tö Equation .(f .30O" with f: n^«ii'r > .0."   IBy^geg^       ' 

connecting, the solutions for the two regions at the junction ^int f* ly 

%£-%£j..r the- complete- (.approximate) solution is, obtained,    v. .-;""-".'" ?-    -,-- 

Actually, a different and somewhat more] direct prorredure- was 7       ."; 

-femplöyedj, as.follows,:, /     _ ._....'       ..'•'",' 

-'IS 
"i 

1 
SI 

loh .xv 

M this regiOh^ the mass flus'ls gl-yeä approximately by - 

- :: . • •:• ----•.-.-.-   #?T--->-   ± ('Sr    &,-!   :J 

^1 
a^.,1 

where  ^. " is, -?he/thic3mes0 of the *?3e.t" P? mixing, region, ,gg| £*^ is " 

tie. displacement tMcJäeas.,, corresponding, to the -velocity «M tägggffi&ä? 

"*1 



•VA*. -        1*7 .< 
-  .    "       ,       -tV-, ,.-   "-^ 

:te 

-uisi.^io.a^e ^ jet. ' I* this regie*  & =, cön6t,^     , ^ 

•b* ^mm^mmtm fr.tf tne-m^^m eqtiatiön (Equation &&y becomes 

:(^^M^ff€-f^%); Te 

väer&the Bernoulli equation (Equation, -fg.. 6dl) is also 

t.~"§ +,^;  änä. ~ :JM ~Jl-m 
.   Since 

*-K jfv^-tQws T>naii 

^•3* 
cfc 

+- 

i * 
Melätion    ^^£ -^ -:   d'J1   ~    .» "      '        ' ."   -V       :/•-:>..-• 

•öne: • 

a 
ir. 

•^ 

••GM^. * Sf *; ~L 

-!•-•- T3B 
31 
'33 

;;$r     l-sq pfTf 'i 
. _^,.\fr..öL- 

•^-Är^%^§^'!: 

*I     % :- -•• 

\ V ^:^;£^^^^i^i^:itäe.^ fet^ied to. regard the/^iä. " 

*^:^ ?6}(^ -§^ appearing in mm^M). a;s ^" " , 

^^rr|||rtän^ to. the Variation, inf.   Ac^i^^^o^O 

- ^^~^:      is -nefer grea;ter than .äböut "_£ |    ', yhi^. ££ ,£j; ,r  " 

^i^äcensta^:^^;^^.^.  <§j . ., w ^.^^y the :"fÖi* -%:   Ä •-'   '" 

•«.Ration-^int^m region ^ ^e^.;th9;^ct of ..^HU^II. -1* - ^   7 
iö mast. ;äsipörtaM„    Wie&jfejmf,define     - ,;;,:; :. \ : "       \ '   - _ - 

.. _:   . .   -   .-.   .   ,;•.-_•;•-••• 

I'- ~3 

f3 

'**""*' /ytiU^X^-^^j^r^''^cgasi^'*i5rM«f a*mi- «t-^** •* H -fe. 
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•v« .. H 

Equation (jk.k) is rewritten in the form. 

•#h& 

& 
*• i 

<£ ^8     V^iz^r  t 

?he solution of Equation •"•'(&•• 5?" is simply 

J; ' .'« 

.r-l 

'^Si 

_L_ ifp«! 

£ 
^ 

-J^SC 
#.> 

*-•-•- 

*^^ \^b): X :fem^; 1 •Ä 
6^  .v.„._ 

jar#:.V,-^-'^^ 

.SEE: 

jBx: utilizing the;, characteristic relation. :$?M V 

where   ^ &S^^ 
-V s%#f •»•'-.fsr: 

lpc&   $M^4 

.ahi ?^ ?lM, 

^OT 

,,-,;! 

the function I '"£% %^*s --eygiSj^ted äs föj&gwü?' 

»•» «M^*Ml'W*irtMJ-^;t|fe^v[£ 

i^yv :,X ~-—x 



T.-7'" 

^j 

•where- V-: 
, jV^ -4 :y 

^4 

The function J(W) is tabulated in Table I and; plotted sgaiiät M&ch. palter 

in figure IQ. •"-"". '_. - -.:._• 

By utilising Equations'. $•=* 5$,  &-•%•), 4M (I;6hJ!. ;anä ^nation (£, 

the variation- at   0   , or   ^-      with- axial distance r, iff readily cadc^atedi 

and iMds^that •"/" -""-_- -_:-'"-      -!"."---     "       -   ..-       _ :     —      ,-   -     .-' -".;--_• 

art 

-/;jr; •••: x:   ~: 
m 

•~tf'. 

-v*." 

*: 

S;"Ä| 

where;    ¥< ==^ 

H*fc 
,jr~ :«"t; ;Y '•*ii><— 

a    "Pfe 

V£:/:Ä4= 

When transition occurs in the wake the miking, rate.-parameter K 

is approximated by a step-function? as shown in the accompanying $lret.cb>| 

-('-'8v.fr -denptea the .yäiua...;pf ML ... .afeiwhich^h^upt. .3^i^fci^fe^eife tiranBi; 

tion- is assumedto. occur-.) ••. "."_..'". .,...".'."   "'/"'.' 

-a 
p 

-1 

T~"~ 
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•M--X -<lfcTUft8 

% %R &bT- 

•.viv 

;*& 

•-r" -isaM 

Ä"-Ü 

For .the range  |.%t: = Vp| = i&n?t ^ Vtfre; :|^frti\§n I  p4.£*J    -      **- 

E^uätions r(^ö6b.) .and i^,?;) ia^e'sM'wa.tied.exactly as pe£prö>-Vi*h i-"S ^nrb* 

rn. tHe laminar region> :.i?S^.:i:= \&\ ^.kögiithe i*teg*§£ ig. ^Bätioa:r^.-  " 

. is^ split intß^ö'^ärtsy j£& --„_     '\ "_ - -    ....-"- ..^:..J.-:-.-_"T.
J
;-! "--- 

""^vn 

# 
1^ IV n.weis 
•-"•^fi/s©. -We.* *fet*S 

"She; integral, appearing in- the relatolpn. ietwegnjiP -&nd; x. %Eqvtatigti^¥^) its ~ 

alep evaluated in tWö vparts-.« ©etails of the catciulat^on are discussed later 

in connection sfith the appXicatipn pf the "sififfilif^ed'' t&epry to th& Jiase  •. 

-pressure problem tS/actiön13). :r. - -,,--...-   - .;   I 

,i 

%:'J.ij 
v .-__~ 

"r4 

.... 

»r -. _;j 
•  -'» 

egicn :2.o 

in Section: .2.5 it was pointed out. th&b a ^itl^i^..^Äfe"^3^jJiM^c5ti= 

£2.30) does not exist, when. K-    "  const._,äs la "Begioa 1« ä&a_cöoditioa_ __ 

si 



m 

determiniag the integral curt© must therefor© be associated with Kegioh2,. 

In this region *i* 
^ 

=-.'..>£=• 1  and f = If  or -4*& 
the equation eoreespondifig;to Equation (2,30;)-is 

•*!< 

i and 

!'" "•' •"• 

f.'       "S 
|:--a •""> 
f   - '   -    ''  Ä 
I-   ""=-'-' |                        -. 
w'         ' -C; 
jl..    -7;' ,-r 

r         ^U |: .    -im 

I"    "'•  41 
|;       -~ _-. jj| 
5;- 

* 

-i^zA M^feS^^ "-¥«r,Y3r 

C& J\-Ä ft«} •f x*. m •__;/ 
WejnF.'? I'rl-tfJ: V/,2 

5V^ 3 

The critical point of Equation (ik.il) occurs when   Wi =• \/Z$^.        « or 

M»   s= 1.0,'änd:, by analogy With the exact solution CSectiph t)3the 

"integral cUfvs in- region 2 is made to. .pass through this, point, a3.-ütiOi|gSr~ 

it lies outside the region of real flows«    The.two region^-are then joinscL 

J>y £©qüirl"i&i^hat^ ^^. _§quai-. "Vf v.   at-Jh© j-Vfedtion jpoiht..   M.so rtha. d^ad- .. 

"Water- region is assumed to vanish at this,- .point .and therefore   .a^. ^cö? _^_ 

-incIdfeS'' with  4j'..   •-»-- -."- -..""-•-- ---' •"."""    "- .-"". •-    ;ii. - 

7       ' Equationl[h„^L) i-e- integrated' yy_tvrp different methods: 

(i)   When U'   <     Ö.G (ispprpiEi)'   --k d'vv/f 

he- integrated by ah iteration scheme in which 

is. so siäall that' the equation can 

<i Wi 
in first 

äpprexpjätion«. By solving the equation obtained by setting the numerator 

pf the term on the righ^hand.aide Pf:. Equation. (Jfoli), equal to .zexp> one 

ftads/y-^äfidL_4herefpre.. -^rr .   as functions of vtf,  ... Xhe value of; 

_J^   so derived is then introduced on the left-hahd side of Equation 
- :<a;y& :—..,"• "--"".' ;•••.-.'"•'-"•.- ." " " r\-~~:^'^~~y~~-clr'\.,-., - "'vr-.' 
Of« 11) and the resulting equation is again solved for;;we ~^f |w^)y;.etp:-. 

(2) When 14 > 2.Ö (approx.) the first ß^^^-;S$i.^%^§ß^^^'S^^S<i%?r: '' 

ently fast« The integral /Qurve is then obtained.,.fey pas^gg.-si,:paj^^la._.jl.f. 

with the correct slope and curvature tb& cirticäl point at Vjf.*" 
Y*e 

a*—-* S-7~V 

8'' •' . •• --a. 
ft* i.     •"£ 

«**"-'" —""      i 

s " J 

u <     '     --r 
IP . ., i         '" ') 
arv   .- ^   £i 
ä " •       't"l 

a -. - *.; 
|;,/i 
St'' " -*^~g 

KS1*^ f"-  _   ; 
| i^""" *f7     i»! 

l-W- *-TC-'*^: 
r   '.  ^_^ 

*-'*•''' 

-.-. ;-' ' • *S -.'; ^. 1 



äM utilizing numerical integration thereafter <> . This method is similar _ 

tp the scheme utilized för the "exact" equation (Equation CS-3Q"}}. 

The result of a typical integration fpir the flow in r^gipna 1 :aM. 

2 is shown- in the .'W^—W|. pldne in. Figure 11. fpr M. -* 3;o0 and a tuEpulent 

wake- ($L •= 0>P3) • 5he dashed- curve represents the -more exact spiutipä ph- 

tained by the'methoda described in ^Section 3. = (Clearly for -the, curys  _._. 

passing through- the point Wi ^ Y^f   ,öhly the segjoent on- which 

- y&\ s^^C — /.Ö   ,has any .reality^.. - ".'--!'-- -~~~ — 

Values obtained for <% at V^g.-;>C!;- 0t^2Q, are tahuiated /h_elw-: 

.---Ü 

l = f- 

3-.£L 

4=0- 

•-Cb5g7 

-3..: 

=-'£ 

^# 

The value of ?r=. .at ths juhcMoh point does- not: differ apfgreciäbly 

from-feg, so that jfche-character of the solutioninregion 1 'is not very   ~ 

seh&itive to- small errors in; the value of v   äs- determined by this a.ppi<ix,i- 

-iaaie 

. >n 11  i IIIIII ii • 'i  WII ii miii i ii 111 i    i   i ii nt i    in i       • i    TT   HI 111 n ii i »i m i     • 11 ii    i     ii  •       HI HI m— wii !•! MI rlf mi i • in in i r ii !•• mi  IIIIIW mi——•—ii MtirwlirI'iMiiiiror 

in Makes; ^''-SimplMied'' gheoryl* - - - .    ._= - .._ V: 

Re-attaching tlma^ 0nce it ia .lgäo>m that $J{. and the tsc^grossipii. £a. , 

Region72 are. small, the.maih ^haiacteriaticsiöf -the, ^jäpp^reöBipä; £&;jH&k38j. 

or of re^attacMng. flows in g^neral^ can he .predicted from the form pf '$he- 

-    .   - " S II 

7': "/---^ 

--7v5j 

*-"' :-'i 

:: /77/7I 

•«T 
=,   4 
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Li can 
*# 

momentum equation and the flow solution in Keg-ion I Xiqu4tioxjs^(:2^)- -qt-    _ j| 

(4,2.)., and Equations (^6) .and (4,8))..    Byreferringto that pömentm  __:-._ I) 

equation ^Equation (:2..:9)) in a jet-like flow   (%/^ Q),  ¥£^$£$f. ,,-pj&jT\..         • .% 

sees that the "value of the'.pressure rise   4-f?    times 'a aeM ;<T . is equal fr 

to the momentum transported to the .diesipative. flow, I U.Q d'BÖ,, irMch is f 

of the ötmtöi'magnitude of E^A^  >,   minus- the net change.:.in mcatöntuW. .  .       1: 

of the diSsipative. flow^ which is of the order of nagnitude  %£v ü£\e.J!fä\- - 

• +• WW[&&£..• -.    How       AU^Ar-ja^L      •-".     ',- and      ^    , ;is-net ..-: 
%"^/'. -"•"•-••'••" ^;-J-":--"-V*I 

much larger lit order of magnitude than   \#\     itself> or,   ^^^#.^iXvf|-JLl 

'ZL. _     ?yjEpfcpig #e; of these approximate relations one finds7that,  (irpughly)     ------ 

.     ;{2WVTJL .-—-."cS^t----- -. ---   &   Hheh   ö-> >Ö.L.-: .? as.-.±n-:the-"#»¥&• "f^iiliar1  - 

case"of a "half-jet", then the .pressure, is p£act£ca|ly; constant at the 

-ambient. Taiue.»   But" when two gaä-.stresaas .converge $.- or. when- ä gas -Btrsaöi, =.-. 

"is directed toward a surface,, then   g^^£L * SJ$ ^T&s increases in-""  -: -'- 

•static pressure, are jmade- possible, by the transport pf mass (ähd-?J^^attp)" 

to the Internal diasipative flow«, " This ^chaaisä is not cpaf^ued to sx^ez»^ 

sonic flows? it is undoubtedly the.main.factor in the rjipid.,ja9ssu*e -rise= 

observed on an airfoil pa. low-speed flew when this ,$&$9^%Q& tbrnte^ flow 

re-attaches itself' äs a turbulent region downstreami of the "separatlpä 

bubble"  (see/» for example, fiefe&finee .gs,\, .. EaGidohtäJlly^ for s givsa.sis^ 

1 

1 

J 

-x 

ing rate ohfe would .expect a much larger increase in pressure, rl&tiö at high 

^velpoities than at low velocltiesj because &Jp- ~ t&£L\ <<eMfc    ->v M2 

This conjecture is borne out. by the numerical calajjiatiohSi -t» is# dispussed 

later and by ö^erimehtaü. ..evidence--,   • - -  " ...   -      \.   .      ..-;._ 

te, 

a.- 

1 
' ' . ... 
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r   x- .-. 

Qm2$täti?ö% thetoM of~i&$- pressuri distribuMQh.ifc fee-?-. ..._.. 

ättäehiag. flows- orwake flow» can-be predicted from tue; relations. (k,6) ~ 

,..   i'8'   EBäaül.   ;; (^.$3-    It is- clear that 4il>     * aM therefore JL. Q;# 

when    #» ,/j^;    and r%a0h.es its maximum talus TOry rapidly when P-^r^. 

because of the e^onential character of tUbf-B relation.   äke variätibä- 

of with  $       for Mach hutabera of 1.5., 2.0 and 3>0 is illpit£ated, 

for a turbulent wake £k = 0,03;) in Figure 12a, wMle Figurs ^ -shews-Ä 

•correspöiaääng -axial static pressure distribution for these cases.   A typical. 

-öäse;vith transition in ~th| wake, is shown in Figure' 13a,. and the correspond^ 

ing pressure -distribution-is plotted in figure 13b. „.-Here M- = 3>-% .   - 

^turb * °°^3 && :^c = ? ^: ^ *    P<Sr simplicity k^am has been taken pp^tant. 

(see discussion In Sectiön 'a^^'-and^iiei^p.thä flat-plate "value 0.0012^ 

ät, Be-A. •• 2 0°«.    t3?hese nmerical examples are take» from the Mseipres.^uite 

rcälc^tatlons ;tc: bje; - discussed later;.,)- 

*-^-i—" _ -fsi^- if-x-Mu-. »iueiCioäa -^OöJÖ and" ^%.6D;) ana isigures 12: and; 13 it .isü-1.>. 

clear- that •Sir 
J^c^aaes:-ve|y rapidly w£th- j#f ,  -" -äs- predicted 

fran the qualitative discussion öf re^attaching flows {page h&)g fflöst of 

the compression occurs near re-attachment, *G *he range   I =: -=-  — $ 

e* £* 
«ayv „Sä. fact;,. by Equations (4M6S) and &..6b) 

roughly:,; where     A^-tvfeÄM Vl4i^j/ •" "-        .-, and 1* is- .some average 

Mäch niMiter.    In the-base, pressure problem;, for ^exjgrolp.;, when k is constant. 

the'-base pr^ssxü%.. r&tiö drops as '~JT       W -&~ JacreauBec^ bi& at•% 

decreasing, rate ffeSh Heynöidö Jaümber reg 

Several important conclusions, can be drawn, from.%h«s.aj^ro^iinafca. 

relfifeiöS above (Equation £4*6c51>*       ., ; ;     {;_-.-     .   , 

:-S.Mrf.>»!i»wsrt*« —r-:~i 



w§.   •* 
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"&-- ;I 

"•:'""• W «or 4specified value of ~§^   "•* *^ *«*   ^~ Ä* • *»-«*•-   \ 

. .-. -..:.     '    pr.e.ssipn.. as measured by axe: iSentropic. flew deflection,. ixieröaseff v-ith. 

.    increase in mixing rate, /Since the pressure ratio is a ratter^itive 

function of #   , toe marked' difference: between Isaiittlr Ä tüÄiüent 

re-attaching flows is now placed on a quantitativs. basis,, -t^res iSa'-^and- 

13b bear out the concision .ttet. the. laminar- portion of af^^h't^ir 

:v;    """.=       : tion generallycontributes very little to the reöcmpreasion,. '  y r~ -~ 

-42}    Since    Ö -*• (Äl^  *^ P^ure ^töi'ln rre,^?ci^fl# 

"''.-"•-'.       .increases ^^ W^ ^^"«*^ pigurTlgfe; äei^^;^on|.t>? 

(33 #1 i? sensitive to ths «aW%f^£|   ^sü^dmthe "ä£t*^ Ä . - ^/- 

factor (X - Ä} is a rasas^ef the rate at which the internal disfipatiYe 

;fiGV "destroys" momen^m received from ih&^etmii%^.  -®Öp£m®^~:rr] 

.y ' ..datä-leJrMuiredi^deleTÄ 

- ;, :.--• S.-.WA.-  x ... .----**,« *«i^~ -e'o«.« "-Pree* 3atr:at constant .pressure.       __ __ 

Separate Fiovai   Äe. appröxi^tiöns. introduced h Reg» 1- of th^»ak%^f - 

behind ä supersonic airfoil Vith a blunt trailing; edge: CSectioi* '4,l^are>;; 

-•     - - aiso-äpplieäble: to separate flows" with a supersonic external stream«here. 

•   /the;-:influehce- of the viscous, stress at the surface 'fa heglig^^JP^^f   ^ 

important example, of -such a .flow .occurs in the laminar boundary l^r-  - " " " 

-,..-. J.-U-  T-^*~»~ j.Q-ir«v» .aorin'T?Ä4t«n. uiäätieeam öf'L the, • shook.mm interaction,,, .?Deröjüe, +»^^- ^.yr—r-»:fl- -, .-...._       - 

-'-"-"-'"'     incident"shoclcs-. - -.     ---• - -     .       -:       ...A:...---.-.-.--;. --..•--..•_-., 

In the-separated f %qi trafen*-..".    .' . ... . >./. 

-v. 

: 
-.=':~ :"ä 

'~ --' ^::'~2 

i-;?"-;:. 
•^LT• 
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where ^V i-a the tkieisieBs of the "$i«f-active „flöte ähd % is the flow in*- 

ciination "at separation". Jot  course the value of ^ cannot be predicted 

by the simplified mixing theory; it, must he obtained by en. extension .of 

the usual boundary layer theory- * -or by integration of Equations (2.28) 

and (2.2'9| with $r =jz 0       ^>h,      ¥arlabl%_an,ä. Buitäble; boundary cosdi? 

tions, ?his problem trill be discussed in a later paperJf ]3y rieferring, 

to the expression, for H^       £lq.uation (^..815 one sees that _4r 231*  has 

its masdmum value in this ease at the sep^ärätion pointy and .dtops off very 

rapidly downstream, because of the exponential character of the :a"  $ - 

relation '(Equation (4.J2-)j. -An- example jof:_such a laminar separated flow 

i-s-Jfei^.trated in figures ite-and 1&. r-"-." -•----.-.-—-••"-._ r^v.'.'—  __.--.- 

•'a 

'_ "; i--'. 

.. -4 

Bere__.^e^- -  = 4*1© X-IÖ^/ %^1*2|°. ^ M-= äö%- k^ "*- ü^ö^V*-_ - : '^ 

JL pressure distribution of this form is quite typical öf ISMipar sfepagated , 

ör "detachea"' flows, and also of ttirbuieht separatecl flows.;, ait|iough> in 

the latter, case.j pÄQause of the- HUG'E 3-srger adxing rate^ the. pressure. i-n> 

crease is correspondingly larger. Ä pressure distribution similar tö that \_ 

shown in figure "3Ä-1? is found: downstream of flow detachment in an oversxpanied 

supersonic- rocket nos?le,7>-  . _--../".. 

lit tne case of the IsMnar boundary layer shock wave- interacti en 

the region upstream of the incident shock is e. separated" flow,, while the 

.& 

• •-.-.--Ü 

'Thus the S.~£shaped pre.säurö distribution on the Surface, observed :«^rä^jntally 

rr-7 

«*»<$*ei«e ^>.» 

*   i<b,e flow conditions, at "separation were computed by_the äp^röslaa&te 
method of Sefgrence 4„   She value: of k^^,. is taken- to be, constant .at the. 
lät-plate value for a Reynolds number egüäl tö-Bg. 
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is xtpderstaxid.abie o. Provided that friction- is neglected^, which is strictly 

Sect only if the plats is' cut of f at the beginning of Kegicn 2> the re.r yy* A-K 

attaching.flow can he treated exactly so in the "bass pressure 

Therefore:, the laminar boundary layer-shock wave interaction pröblenican 

be solved,. Vat least appfox'Mä.tsly, fcy means: of .the simplified Aiding; Iheoxy^ 

provided, a suitable reflection condition for the incident shock wave, is. [_ 

introduced. If the incident shocli wave- is reflected from the "$e%"  as 

from a free .boundary, then, the pressure drop across the reflected expand 

slon fan exactly cancels the pressure rise across the 'incident wave. "In. 

that case % ^ %5-2®w t  where &3  is the flow inclination angl<|in-the "" 

separated fegieh «just JS'ätreäm-of the incident shpek^ök |s__thei. flcSr .in>V 

clihatibn 'angle in^the :re^a,ttachiBg. flow ,£ust- downstream of the reflected 

expansionße%,  and'^w is the"flow deflection! across the incident shook.  r 

Ti&  other- -boundary condition at the .^unttipn of the separated and. reV 

attaching flow regions is öf course £3-0^  •._ .£$%  for the re^attachüag 

flow, is- determined fromM.+eb{see Section h*l£[   In- Figure 15 the calculated 

..static"pressure distribution on the wall is shown; for M = M;_~—V" 2.0^ 

&w 3 4-°, Eek - 2.3 s IG5> k^. = f**^ ÖvÖÖB:?- For this ease the .pres> 

sure, increase on both sides of the shock^ts about equal, and- thb flcst :._, 

pattern, is. nearly: .symmetricalo -The^aaymetric flow pattern and pressure 

distribution found at higher Beynolds masfiers,. or for stronger inöidenl; 

s'hpcksf> appjsarg: to be associated with, transition, in. the. reattachirlg; flow, 

which..greatly inerease.s: the mixing, rate and pressure rise in.this region, . 

This flow regime can be treated by methods similar to those employed. ihi the 

base pressure problem for the case when transition pccyra in the- wake. 

#* 

wu 
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^Section 5-)..«    ä -.detailed treatment is reserved for a. later paper. 

For the turbulent boundary layer the eituatipa is/mpre Q.oi^lir- 

Gated«    Iji this case? the .deep penetration of the shock makes "it necessary 

to modify seme of the- basic assumptions of the present paper, at least 

locally.,, particularly the assumption, of constant presgisre .across the ihr 

te^^ diMipat^e: flow £See Section 6); ---_-."     ; •_" -:_'0 ;-'--, ." 

5.   Application of ...Simplified. Mixing Theory to the. Base, Ifeessure. Sroblefe. 

: -"""."' £ä,giahe ^üpersöhic^Elov^ .-- .".-_..- '      '-r _    r.~ .'  \ 

5'°!   .Method^d^sjiaiptioas. -;."-'?.; 

This, problem has already been formulated in Section 3 as- ah ap-  '-• 

_piica-tion-pf thä mpre eiäc*.. theory.   Ifee'n. the. wage is fully turbulent       :". /. 

the; präcedure jjüör the Bi^lified theory is quite similar to that prefipji^r- ~" 

ly dascribeä. in Sectiön 3*- &u-t vii&xx transition, occurs in. the wake to®, scheme 

-'is; 3.e^wha-t-.i?oäifiecto"  ' "    -"        ;"'   "..'...: s~~-'~~   ;_". ~:   -—  .   .       ..-...,.-.-. 

(a)    Turbulent Waice-. - Transition,,, in. Airfoil Boundary -Layer'.   : 

When the -«ake is fully turbulent it is a®aln assumed that K = const.,, 

and ~f~       is then completely determined, äs a function of 9   for every Mach 

number M   by EqijatiOns lh»6) and '(%.* "£)'..    At, the airfoil trailing ed|e: the 

bounda^ condition:    f^^zl^ %'    must be, satisfied,, or 

:C5:,D- =. • 2--.    ?: Kj.f'^% 

;&RrP; T^Ffl 
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<T Ä'. );j - 0.45.for a turbulent low« (Approximately, K/ - 0c7£O ana. (i""- 

speed isotMezsial jet,) To every value öf \yt t*&'j   ~ J%~ £?'*g^*JTt 

there corresponds a value of -=*--• "and therefore a value of BLI     by 
-  --:;-.:-'-•-';--  •-•-,-  r-- ^ -      ....._- . .-. 

Equation (p..l;)j and finally a value of' base pressure ratio ü2ä- = 

In order to relate this, value of the. base pressure, ratio to 

^  - -     IT 
;ne.cessary to calculate äb        °^ 

'ojbtaine'd äB-lföllöwW 

:By definition^   '_[.""    -'".'_'. ' .--."-" ""'"':..'- 

and 
"£ 

The ratio -JC- 
•f»; 

it 

-1» 

is 

m 

m^rm &fr 
--,: 
0 £'.'&. 

so that- 

«hex», it- is "assuinedv" as in SfeÄ3"> that.( j-J|^ J^: ^ 

By-integrating iguätion (2.23) for the mixingvsAe* >nd dividing through 

"by" 'Vrtyri  one- obtains ..     - _"- 

•fcrV-' :i5 
4ci^ 

»if 

<M? 
K. 

•i \    ^ 

*# 
W^bV 

^e.*,' 

A- • -,- 

 >r 



£ -m- 

—•\ 

where |1\ &$ A 

'T- 
IS 

'- "i 

-? 

:!.    *?> 

•?T   * 

Finally, ky Equations (5..Ö5'and _(.$>-.3^,. 

§^g»r JV* 
4-1 

_?;--"-pfeby 

For the completely turbulent wake- the integral D is ä unique function 

öf   $£,'   for every ifeich- number M,. according to Equations $k*6~) ärai 'j!»7)- 

äS: -ej^iained. in' Section 3. the. -ratio   -^j%.: .- as given- by .Iqj#fci,qh 

(3o.2bö iß' obtained by applying the condition.öf •conservation of mass- ^croio 

the ea&ansion around, the .'"corner" at. the airfoil: trafMhg edge-. 

By utiiizing:Eq\Ätiöns &?>i):'•*•':W°W* ^4' tl^fef *^® hase= pres- 

?.   ffee völätion of/" base ~ 

pressure vita Reynolds number at a gi-veh Mach number is obtained ps? intro- 

duping. th& same postulated; variation of £2-     with Beynolds number and Mach 

number that is described in Section .$+_ and illustrated in 'figure 8 for' 

•It"'* 3''»-v'° 

$af  '^ans.itiph. jj^^^i^Aj^^^^^^^^^^^^^^S^"    ~ ~-   j    '   :      - 

... $h§_n transition itL the alrföfl b£iindaxy layer is dessribjedJjß 

sure ratio is related to -^2r ~ ~£« ^ 
,--- : -..::. :v_.-•- .: ."     ;;.-.: 3». ~-_._.£.   & 

terms: of curve I of Figure •&, for ex&äplej, then for BeQ 4,    "f ? ItlP^the ~ ' 

boundary layer is completely JsJäinar, -anä the transition "point" moves 

off the. body and into the wake»    Sines- the mixing, cpeftifeiea^k ^..$hg. 

K 
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m &• '•: nuiiber, the relation 
•-löMnar portion, of 'the we&e is ä 

^between   -_jp .    .   4hd. &     is no loiter iädagssaeat örts^ölds-jg^N.?* 

and- thi?^^'prööedure.;Oititlined. in ^3a) abc._. äugt be- Spd&fie&v 

la tue first place a statement must be fuäde regarding, the tsaa» 

•sitiön/Hesnölds ni_aber in the wake> about, vhi'cb; l^t'tie .is;- teid»» at pr@g©??fe, 

.(Transition inthe waKe. ^fiüst depend to a large. e?test-jseodä^^x^s^ä.•!t&s*- 

,  :tor# of the js^iinar pjplllatipns in. the. .4ir?Qil^%undary' iaytf;?; ,$s ^we.il 

-' Jä.s- on tie growth of disturbances along, the i^sihafi portion öf the Wakö tt^ 

self.   Based on. the: iriesger ;data. avaiiabife« it -iss-assumed' . thafeä ''fre'f", 

hi^-vglöfeity lamisär'bMS^ßt^ UMisitrcbed hy 'oscillations fed; into the • 

/  jet from an upstream.boundary layer,, would haee 'amtransition.E&y^ölds >mm- 

fcör --of 3f -x 1Q%   Therefore: wheh^ec 4 %   h ä\ 1Q& thö- träh|jit|£h 

WämM tfie.^^Äüst approaphä y^. pf .4 * i^lvhiite Ä :••"" -^ ^ 
WfV<£ 

^henRe^?:fe^ jo
ö and transition. ^1^1!^^^^:^^^ 

}.m^%-l^^^ä^^^     ^^, between.i^se t^iondi^ 
.._   :: _ -      - _____ _______    .Hjage. - 7-- -   --' . - - - -----—"-"- -""'---"• 
_-_- tions^ r_c 

_5_& & TR. 
Wf.k£" 

4 X VQ*- :^.c 
.ö 

at high velocities < 

_>or ttioziLouinre it    .g» 
m 

. s   -3. .__.«5-   -       _?_.-      --.-* 
T'   ä giaööth Movejäeht 

':wake  - i0 ..._.._.;...-  
-of -tiwjsitlön-'dEfe^-aWfötl" to "w^äKe i§ presumed.   .Ml .that- öäa-.-b®. -p3ja:üse& 

. for" this- apprpximatiön. is that it. gives the correct fom 0$ the depeaieiK;« 

of transition on ffeö, and provides for rah accelerated- fo^Mdua^VBBföat-öJ 

•tre^sitdop in .the•••wake- w±t& ijcujrj^ing^Beholds-filler.. 

On the basin of this -assumption re^rding. trahsitiph. in. the wtlMJ. 

the variation of base pressure with Bej^lde hujabei? ät a^g-iven ;Mäch aua&äip!: 

i'f 

-II 
3-3 

Ä,-ii 

fJ 

\ 



I .-., 
in- tpte flow Regime- is. calculated by aa iteration mthod, .Siipgose that -. 

o/h is given. 2?©r scaäe value of Ee^ < 4 x >'Q^ a series of trial values 

of %. , or the flow deflection apg-le, at KM trahsitiöh point, are se- 

lected. The corresponding locations' of the transition "point" and values 

Q- 5ö=.     are calculated by as iteration scheme:, in which the value 

Of •&'« ? and the base pressure are also calculated. Now the correct 

value of Se^r    at the prescribed value of Be;^ is given by Equation $$.$•)?. 
_-:_.„ -•   -^fäke ",-._••-- - ~~-~"."* "_"- ~'".  •"•-."'"  ":_"'. "'. 
so the proper valuö^of ^ can be determined from ..a plot .of Re*,,   .y*-->i£L- t 

and the corresp9hdin| base pressure calculated by ihterjHSlatioh.   . . _. - .__;--: 

The details; of the method are- as follows?  _!"""--  :--':"    -.-"•"'.-' 

"Öhce a trial value of £L is selected the relation between -Jr- " and S "r" 

required in; the. statement of the boundary condition (Equation (^~l)j)._is'. •<*••=•• 

tanned from Equations; %k<;6i}; änd. (k.löf? however "the[value, of the-iii&ing   L . 

coefficient- in the iäiainar portion of the wake must be.known,- pr .chps.öh... ..."._ J' 

•For bur present purposes, it is sufficient to take kn.„mjecjual to IheLgggr'' 

ihg7 coefficient in the laminar boundary" layer just at the airfoil, trailing' 

.    - <*Ö*WJ - - - .   ----- = 

5?    J^t* 0.334 

VJSu :I^:^tf, 
* 

•It 

The Mach niänber factor. <gtM$ is obtained from figure 19 of van prleot's:. 

..paper ;Tt;äM7iB.^^^aMd--l).elraK     .--';.• 

./-..;•",        _. i.#r ' 
: -;... .   --      "•""""";" '-• .   z„o 
}•';"•';'..-: ' .-;• "-.'."   "'•  1.0"; • 
-.'/'•: ~'J~~   "  ;•-".-'" . .'__.. ->.f      _" "".•"" 

Of.90. 

0.81 

~ .1.0. 
.VwWhS;';? .-HOIfSsaiCT«*«* 
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1... 
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#, 

i.r> 

value of .^   *tiiizsd. ip ca-lc^tihg- k^ is O.S27^ correspohdihf 

2^=7-*'   = Ö.Q975,ana t|ie- i3G|;E|3pp^!pg. ;^3;ps,o? J^fj_; . employed- is 0.|?9-«> 

A typical pipt of   JL :«s $' 
is 
.S3 

with /M&Äitiph in the Halte is illustrated-in _ 

^'e' rigat h^id. side ;pf Equation :(^^."l»'^9/a«15effls4|»^-*a- &~ 

fiaifctipa of 9- W utilising Equatipha &*k} anS. (;|-.2b.)> whe*e jfche; Täiüs• joff."' 
_ ,^*'.-A: 

/7 - -4^L   för tue i§mirffli3? höuhäary layer with, zero-heat transfer? at. the 

"airfoil surface is• given:-hy     ;__;',. -   ~ - ~-1 $»;3? ._" 1~--'->;*'      -; ' 
•;"; -...'•':.:     ""-"_    .    "^^/"••:is^qrä-j"' i^--y._;-." "-- -•-"•"" 

5?he value of i-l-^J;,r.ia taken to ig.4% exactly äs in. the case of the 

fuliy tUTDülönt Jet, The value of 
-      -:iT 
.C.OÖ 

W-k 
,is_ja|Mfeady ,'ingrän once c/h 

Ä 1§Q are prescribed, >iuc.e- ,|^. ' is: given, sby Equation- ||..;5^.   13he cor- 

rect value of Jrj^   for the."particuaar- trial value of l)^ is- then f-QM^'Mm. 

the; Istersectioh. of the eurveeof -^      and the B» äVs* of Equation f 5 43= 

plotted .as funct4pnf of _.©=. ?   jhe locationöf the transition ppint in the 

wa&e aft of the; t^ailirjg^edge is": then, c.ale.u&ted fram; the relation 

.   '   .     .":.-.•--" :~: —   .-w."-'""". v;:-•-• ;•"••-. •/••.;-•'--';•''-""••;:.""--•- 

1 

'r *s-. 
-s* '^*r*fcW . ^' 

and the corresp.Ondihg, vaäue pfEe^. is. givehhy j£he. raJÄtipii 
sei •-'""--'     •"-''•'•  ""'"-"'--••' :-' ---- •' -   :- 

n 

.<f,i :v:e 

371 

*   See footnote ,;oh pages; 37 and 38» 

»P!»K».'»*t-W'i^'^'-*t ••^"-, 



where- 

8F? ~im\\ 

s$ 

i^jfe 

and. 
te - ?i      >(V    ^i  f.& :s 

-: [,>- /•-   '•     -' 

•3!- 

:':  •• -Slackthe.'vaiüe öf/Betr    -    obtaMeä" fTOm Equation (5.?) does 
••--*> ;  ..--=:   -. y-- ,.'-;'"- '-'"'    - -'-^walce-. / ---"   •"'    -;.-.: •'    "     -.  --. :-•• 
,.not-in.:Je^^a^-^oias-l^ loth the; assumed value^givia by Equation C5»5)> 

V$h|- >^ä^is^pr§cedura fflüit be. repeatM ,;Cör iäiree^or fouc trial valves of   i^.. 

^.iö-.order ftö determine"the correct Be].      ,     and1 base pressure by inter-        j 

pjaiatipn -.«it® efficient a^C-tnjacy.. ,.The. sphj^e.. is repeated for several _ 

..^^Mfi^tat'tv!e.^ys^Mös -Of fiey^iäsT%snbjlr>. .BeQ..   |"Orjfcuhate3#- after fOP?;  

i^erj[ehce ;.öMy: >a/_few jfcr^^s are"'a5BeB8wy».._. .;---^ -._.._-. ..,_..- 

"    -1   i1- Evidently» for rsizffieientiy iöw- «eynöläs numbers " #   "M^jSL" s&& 

the- flow in Region, i become?, completely, j^inar.. . :For Bö'ygQ^äs; iKffibers "" 

below the value at which _6L is "calculatedto be approximately equal "~ 

to   #    j-the conditions are ^te'rMned by'^Baalogy with the more exa^t 

•theory... _ In.this theory condition upstream of the critical point are. un- 

affected by conditions downstream of this poiat,. .&nii_aire therefore,inde- 

pendent of the.movement of transition once transrbiph;passes, the. critical" 

point«.   By ähalQgy., it- i'ö assumed nov? that once, transition passes into 

Region .2,.' conditions, .in Region 1 remaM independeni; of Region. 2.    The 

väiüs of ..;£•'     4t a giyen. i^achi >niMbe.f M. is r.ßgsi'ded; äs a constant «ad the. 

character .of the. flow solution in. Region 1 is determined cOTpletely "by 

the/ variation öf -laminar .mixing ^t.e.i»$i%iRe^Id^^^er'l]g^e Section^, a}', 

^c.very.^cw Reynolds numbers,,the present ^aliihg. theory, must be aoairled 

because       $&    is no longer small;_ _^ ^   \';_  
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5»2   Effect of. Beyhdlda.. Number on Base Pressure:    The Yariotis Flow, feegiafes-. 

A. isuffic.leht Camber of numerical examples: havebeen calculätsd 

for all flow' regimes to. indicate the important, trends, in the variation 

.of Jbaäe. pr.ess.vire with Beyncids number$ Mach- niaaber> c/h and, tyjpe of tran-^ 

sition in the .airfoil boundary layer.    Figure 16 shows, the variation- at 

% ~ 3...Ö of    :d2.      with Reynolds number for ^/h = ieLOj. with the 1wö "types 

of assumed' boundary layer transition^,    tin all the., other figures; only the 

.calculated base? pressure for .curve I is shown)..    In figure f the curve 

compute/d ifrom the;.simplified thecry for M ~ 3;0 and c/h •? 3,0 :is shown in 

•Gpmpariß.Qn with, the curve obtained by the,, "ezact" theory. (Section 3:')'» 

These curves show a similar qualitative behavior.    In view of the asst&p- 

. tions made_ in the sd^lified theory^ and the prob>|iie sgnsitivity of the 

res.üits of the "exact" theory-to the mstmetW-r^] c]^e_^ections 2 and 

1' :*ä! 

-aL- wie 

!    1 

i:M 

r 

.3)> the-differences, in.-.the. ,nu)0ric;^ values of.base, pressure, shoald not be 

^aken too seMpusiy at present,.    The numerical, results ar& properly pMr' 

garde'd- as prelisiinary-. 
a"--"-.5 

The effect of Beyholds number and c/h on base, pressure ät M - 2..Q 

is illustrated in Figure 17 for values of c/h of 3,0 and 10.0,   rM&low- 

Jteynölös numbfer region at M " 2.0: is ®Hphasized in Figure- 18 for c/h » 1ÖTÖ;, 

andlin Mfi^e 20; the base pressure with •airfpil hqwßMxj layer laainaff[tb. 

the trailing.. %dge is plQttßäyigiinat the parameter Ee^"* h/er^»lö^ä"fey' 

Ghäpjaäri.        Data, for two of the/ ä-i-rfcils &itb blunt trailing edges tested 

b^.:Qhappäü.in. this \.^v^ j^is^-^^^^ö-^ism^^4äsi^^^~      .'"„.';'" "> I >i 

1 

In the ''fully turbulent" regimes, at .high Keynoids. numbers,the. 

bafi. pressure-ratio- is pjöt*ed. a^|^-t. the-.^r^f tier-jRe^"  h/'c for  "'~ 

>.•t— *«<• -'*•— 

i5a 

1 

 % 
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M » li.^j 2.Ö.äM 3*0 xxx Figure 19;«    Again. Chapman's data In l&is fiw re- 

gime is ahown-for comparison; tile curves:, are reproduced from- FigiH?e 2§ of 

Reference 27, in -which the "mean"' curves for the entire "thickness "grp^1" 

of airfoils are .presented,    The - thlclcäeas ratios for the ..giotgp. are Q«'0.5> 

0.0-75- aud CIO, -and the ratio of airfoil trailing edge thickness to maxi- 

mum thickness has the_discrete values Q.g^V G.5Ö, 0.75 and 1.0/öo that 

o;/h range's from- IQvQ -tö"Bö:;c in these tests:. - "     ' - ------    ..-'-"-." 

It, -is. renarkable that ih -spite of the approximate character of 

-tlie^present mixing theory it appears, to give, the correct fD^i'd^mechänieal 

-egplanatioh. of the observed phenpmena.and flow regimes in the Base presr= 

aui?e problem.    TJnEprti^teiy, Chapman's data for the blunt trailing edge" 

airfoils does not include,-the ii^crtänt intermediate regime ^ which 

tranaitiäh »moves upstreäM. In the-äirfoil boiandary läyerV but «base ;p*esH 

s.ura 4ata:. oh. bodies of: .rev^iutiont;'^     which should be at/le;ds5 qy^fiä7^ 

^#iVfel^-#imilar.to the two^dimenslphal case., illustrate perffatly the re--': 

gisies determined by our calcuiatiphs/o    Fpur" such flow regimes can be dis- 

tinguished-.;,, ih- which"the cchtrastihg effects of mixing rate variations- 

and.-variations of   <L    determine the quite different dependence of the 

base pressure on Reynolds:^nräiber in the different flow regimes,    In pre? 

ceding -dlscussiohs-., it has'"been shown that an. increase, in k increases the 

pressure, ratio across ä compression«,, 'arid theref bra 'decreases the. ^ase-   -~ 

.-pressure (Section %&)•> while an increase in    %^    increases the-b^se-pi?ess 

-;g^ire..{j0ecMöxisv % .and- k-JZ)^  fhess «ualitatis®- cmaA§@rätionsVare borne^ut 

. iby the.results .^f.-the^^p%ui^t,ic»ns,      ..      ; .   .       \_ 

--  - ' ----- -«i 
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.. Jik-mU0:9t- iKQpeäsiäg.,Eeyriöids. number the f>pur flpf: f#gij|es 

are as fPUlöws-j    -   ;-  •"" :- 

..(l)   .At sufficiently low Beynplds numbers not only $hebody 

boundary layer is laminar but also that" region of the wake in which the 

major portion, pf the^reeempressipn occurs (Eegioiv 1}'-.   Within this re- 

-girne, as Beö increases-, the laminar mixing rate decreases ana the base 

pressure,.increases sjLgwiy with Beynplds number (figure 18)..    The decrease 

in k,.,     with increasing; g'e.     is apparently more than .enough to offset 

the decrease- in thickness of the boundary %ö$et ät thejairföll trailing, 

iedge;,. o? :*fe •decrease in thicSsneBS- of the röixing region in "the wäke:.    Be^ ~" 

cause Pf the low laminar mixing rate,the base prisöure ratio is re1tativ,e3y 

_. (:2.)   As JhlieBeynöids"number, iß increased;, jevehti^iy t^ahsitipn   - 

"to move .^stream in the w&ke,>. and the aecpmpany|rög-|args increase 

3*r "local mixihff- rate £lL ---^  2-j   5-1Ö k- -  1 counteracts: the effects dis- 

cussed, in Cl)=.    After- reaching a local" maximum figure 1'%-, the •tgfeypreS-jf 

•eiura -drops precipitously with increase in Re^.    (figures: 8, 1"6». 17> and 

20^.«    She large increase in local mixing, rate /is; a much more important 

-factor than the acccrap&nying, increase in the thickness of the. mixing re- 

-giön-r which;, by $tself, would have Just the Pppoaitp effept on b|£& pres- 

-:-•-       Äfltbrljra^i^iGn.in^,tne.wake has moved quite .close, to thp äitföll' 

trailing; edge^ the; ba&e .pressure, ratio. continues to drop with increasing 

/Beynolds-, number --:5Q^ip|g£a§'the' :pjß§pil. fep^ndjaiy. layer: remains: laminar, 

. >eoaiui0' 4gi:=-,B%e»s'41|(9J^i!^i- ^:^S^SB^'^fl^t_^4^|flffs ;#* the trailing, edge 

,.    J5S 
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with increasing Reynolds number. r4,'hd= decrease-is ejected tö fee auch 

leeö rapid than the first steep drop which occurs when transition: -moves- - 

forward, in the wake. If the boundary layer transition-. Sequoias num.-, er is 

sufficiently high,, and if the ratio of\ chord te /airfoil- -trailingedge 

thickness Is  low-, hyt^^^e^erjäBe, the base pressure ratio depends only 

on the" ratio   -% /h, or on the parameter" Be 2"h/«^ over an appreciable 

Reynolds number range" in this flow regime, £see. pp* 65-6.7..)-*.  

._.."". :    (3) "At a. sufficiently high Reynolds number, transition will 0c- 

"--•ö.ür" in the airfoil boundary • layer just, at the trailing edge* When the i 

Reynolds number is increase's still further, -presumably the jawing rate in 

•the--wake is little - affected, but transition moves forward on the  airfoil,, 

"and; the boundary layer at the tr^iling_e.äge thickens accordingly-., ..Jims. ;. 

. the -base pressure ratio-'^t 'first" increases, with, increasing Reynolds number. 

- in/ühis flow regime.» However. When 'transition has moved lipstream-auf-fi*L 

:: .ciently far from the trailing edge,, the normal decrease, in local turbulent 

boundary layer thiclctiess with increasing. Reynolds number begins to offset 

r  the thickening effect of -the forward Äövepqht of. transition^ The. .base 

pressure-curve reaches ä local jassimum and then decreases, again with- in- 

creasing Reynolds mpber (Figures 8,. 16^ and 17), 

-(#) Finally,~a high Reynolds number regime is- reached in which 

-transition in the airfoil boundary layer is. essentially "fIxecL"- ^and ti:-e 

. fese" .pressure ratio ärpps slowly but- noticeably with increasing Reynolds 

number., peeause of the decrease in turbulent boundary layer thickness at _ 

-the trailing edge"» In this regime, the base pressure- ratio is a function 

Solely of tne parameter Ee. ' h/ c (Figure 19) >, or of some-' similar parameter 

in^pld/äng the'product of h/c and a logarlthmi-c .function of Reynolds hümberv 

4:1 
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Briefly, the e££ects~öf Mach number, e/h •- ratio and transition 

In the airfoil boundary layer on /base pressure are as follows; 

(i) ^SSSA^^^^^rr^^^S^^SE'- -..:..'•-;' 

Whatever affects transition in tiie a-irfbil boundary .layer also, 

determines the location, shape and depth of the '"'valley" in "the Sürve of """" 

•base pressure ratio versuB Seynolds number at a_.given ldach_numhere Thus,  „ 

the base pressure is affected by the heat transfer rate at-the airfoil 

surface, by surface pressure gradient,  surface roughness., surface irrjegji* 

larities such äs sharp corners-, free stream turbulence., etc  Sines- transi- 

tion in the airfoil boundary layer is. eSpsc-ced to depend also, on Mäch num~ 

ber? the.Reynolds number range defining, the- "-valley" in the base.prj^sure 

curve- is a,, function of Mach number«. The effect, öf each of. these factors. 

on base pressure, can now be predicted,, at lee at oj^litatively> fhen its 

-effect -on the thieäie.ss.änd character of the boundary layer at the airfoil 

W 

traili^.-edge-is- Wamm^ ---'•"- -" - ; ~ ._•_ _--___        - - -._/_ . 

Öä the basis of the discussion in Section k-.-,2y It ^as expected 

that for a given mixing rate" the pressure.ratio supported by.the wake flow 

increases-.rapidly with Mäch number, i.e.., the base pressure .ratio, decreases, 

rapidly with, increasing Mach number (see Figure 19)  This result is prob- 

ably significant also for other flow phenomena' in. which mixing is. impo-"- 

ziuxtp  such as boundary ju&yer ^separation, for ex&ffipxe. Of course.- LUö. acuus^. 

nvinerical values öf base pressure depend critically upon the Tailing cö- 

efficient k. .By selecting, k as a suitable function of Mach number c.oin^ 

eidence between the theoretical eomputatiöns and experiment1? 1 data, could 

be obtained» By referring to Figure. 19 one May conclude tentatively that 

-. 

- \ 
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the mixing: rate at- lev?" s uper s onic Mach, -numbers 'is prohäfeiLy- -of the -order._ 

of 0.05 (somewhat larger than the constant value, of OcQj assumed in. this 

paper^j and that k apparently decreases with increasing. Mäch number. Some 

support for this tentative- conclusion comes from recent e25»erin»eisteal w£-rk~~ 

on the rate of spreading of a supersonic turbulent stream into quiescent 

- air*; 
(ii) Ghord~Trai3~ing Edge '^ic^as;a-Batlo» transition in- Wake}-..^'-"""'-'-- 

In general the higher the ratio of chordrtö trailing edge t^-ickr ,-; - 

ness. the larger i=>   /£,      ^^ *&§ higher the. hase pressure ratio at a 

given. Seynolds -number and a fixed-Mach number*. The effect of c/h ratio- 

is. particularly,, interesting in the intermediate "Wake transition region, 

because the. rate of upstream movement- cf transition in the wake. with, in--- - 

-"$reasing--SöpiDids/ nunfiaef is .governed largely hj the ~paramete£- s/h»...,.$he   —-.._ ,:_-_ 

-transition. Beyholds number lie \.       ------ is- determined hj Be>.-•: *C%». ;C5-»5-)%..   - 1FT 

--• -  -       ....    ;fe l-::/:-:_^Ä^~ whererr^^^®,. 
and therefore .so is the ratio _. * /c -    ^ -._ >. ;   _-._.-.. .   . 

distance from airfoil trailing edge to *^ coition p ... . 

Wrtant **ra^r^^ 

sion region? 

V 

lie «fleet pbtai^ed vte» */* ts^*3J«Jg1 «"    -; - -        ..-    -   •..•.• 
sgi-ff f»ot Me? ii««f9*SÄ*i;:; ,-„...;; ,      .•; -. 
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(a) At a gi^ea Hejiiolds number Be_ tKe iaminarflow region    _ "".' 

occupies a Larger portion of the wake the larger the c/h. ratio« Ir otn-^r 

words, the forward movement of transition into the major recompressloa. re~ 

giohj, and the accompany drop incase pressure.* begins- M* higher Reynolds 

numbers the higher the ~c/h rätiö, För eyöry large c/h the Base- pressure - - - 

ratio is .nearly unity* and  ©j.,. .__ _..is_ small andvarieö • nearlj-linearly 

with h/c. Therefore ? by Equation (5-8)-.»  .fe        approaches a limit and 

the Beynolds•-number marking the -transition, between; "^e: two flow reglos 

I   ; also approaches an upper limit as c/h increases. These conel us ions Beea 

to'be borne out by the .data presented in :?i'gi*esrr#F-snd !?y of Reference 17« 
" r-:V -   - - !        /"-"" " . '  '" "" - 

;..--"•: -."      -*"   (b-) For large c;/h a signi-fieaht -Variation--in -3r  occurs with ______ 

;-.- :.--£ :--._ only a small variation: in  -^ __, and thSrefore in Ee^= Once thertransit 

- - tipn point do^es bjegin to-move 

the base pressure drops steeply in & narrow Reynolds number range»On 

the other hand for small c/h^the upstream movement, of t^agiition in the 

-•- -- -   wake -extends over ä wider .Reynolds, number ra^ge.*. and the curve of baseJ 

-  -pressure- vs-. Be is much "flatter" in this flew regime (Figures'IT and 2O.0».. 

------       Since- this effect of c/h ratio is greatly accentuated. ;at ve_y. large values- 

of c/h it may be responsible for the almost^discoritinüous change in base 

pressure observed by Chapman ^ tinder certain conditions, for- airfOÜP with 

very thin trailing edges \ä.jh ^'%%-•>    . -' -      \ '-;-' 

In the flow regime characterized by the forward- movement of -transit— 

... ..:  -   tion in the wake '^%^^^TS^^.%^[j^^.ti^iSf^i  the bass pressure evidently 

-depends »ot -only, upon  -M>     -T?Ufe Moo 'V^^-'-S^^^^^''^''^^^'-^^    ^n 

.general therefore^ one would_ö9t- &%%!$%.'W& 'b^&^e^'äto^%p--h©, correlated 

1... - Ji 

\'r- 

•* 

' . ''-"-1 
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Bo-lely against-tliQ parameter  jg .; of Se^ h/c in this"regime, but to 

depend also on c/iu Such a correlation •fesista only when transition in... 

•the wa&e is located quite close, to the airfoil tmiliiig; edge; over ;a 

significant range of Reynolds numbers below the a±r£ö-il ^TÄdaxy.JIajfer. 

transition. Reynolds number.. By referring to-Equation.' (5.äj> one. sees; 

that this condition is fulfilled on? y when .(.a) ,-the boundary layer transi- 

tion Reynoldg number is high--.and the vaiue."of:.Se 
^vte&L, 

varies- -oniy- 

wiywithEee  (   f£    va^ieaTsÄ5y w-ith.Ee.pj   (b^c/h is. small,    In 

Figure 20 neither the theor.e.ticgil--Gl|3^^ted base, tgessiire nor Chapman's 

•data are correlated: :by'*stie parsaie-tflr Sei,? h/bv largely because-Be,      in 

•the--airfo.il boundary äe^sr-i^ 

>' Ee. £   ^^^Äs^^jqpeS^^l^i^^. TChteröfc^^ 

iJS'irj?^ already too large -   At '"iöw Sey^oids' ;hlM^ers t-fe^^gis-oö^^il'e, fepgss: 

rs/fcio vs.. Be^? h/c for •«arioua.. e/h -yiät^f-"'%i^&/i^/x^^^9"*^?''^ö§i^s 

shown in Figure 20 and"ih,Fig^es^ ii'anä:^.b^k^flrSnce- -ifvhecause the: 

•base pressure- is; approac^fe^ illustrated in 

Figure l8„    However at high Eeyngids .-numbers these curves .diverge eon- 

siderably«    For example,, any attempt to construct a "universal" :.ciErva of 

base pressure ratio vs. Ee 2 h/c by utilizing data obtained.at one Rey~ 

nolds-number ovex~a; r.ange öf c/h Values, could lead to appreciable -errors* 

In the case of blunt^based bodies of revolution^ tradition;.in 

the body boundary layer apparently occurs at quite high Beyaolds nixabets/ 

(Ee, >        6 x 10ö), and the base pressure ratio sia-y. be^cbrreiated 

against the parameter SeL
2 D/l over a defimtte;range of L^^'välues^ 

*   L is be and D; is bsse-d^ajnetesu 

\'T' "-T-T C^^""1^' ' 



The ability of the present theory to predict even such äet&iiä! 

. of .thefbaäe pressure phenomena is another confirmationof the correctness 

of the; basic mejcjäahiß^ ässWeö;- 
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^° ^ut-ure Investigations. .-.~~   .--" -"" '.""--.'-" --= 

The success of the: miscing theory i-n:-fu^ishing. a qnaii:tatiTe 

fiuid»mechahical explanation of the phenomena occurring in the base, pres- 

sure problem encourages üs to attempt to apply this theory to Other prob» 

lems involving,, the interaction between, & äiasipativ'e flow region and an 

adgacent nearly-is.entx'opic stream» However, in certap); cases either some 

of the basie/assu^tiOns. of the present paper maatbeäödified, or the 

outer boundgry of. tiie-dissipative.flöi; region•••must be -carefully redefiged> 

XnTäölie -casea pei-ihaps the most serious asJAJmption is that tne static pres- 

J3ure is_^önstan.t. across the^ dissipatiye. flow and eojuäl. to the IqcSi   

vilue pT in the external stream* at y - .0 i In a- tu£büLe?xt boundai-y 

layer-shock wave- interaction/ for example,, the incident obliquf shock is 

reflected and refracted as it enters- the layer, but .apparently penetrates 

to the sonic velocity line- close to the surface;«" The: main .reflected .shock 

wave appears to emerge from this same region1-*—. in the important inter- 

action region the static pressure, is certainly not uniform across, a .plane 

transverse to. the flow in the superpomc portion^Of" the boundary layer,,, 

but the pressure: is probably nearly constant across the subsor.ii and trans- 

onic :zones close, to the wall. Presumably it is. also this region that is . __ 

moat strongly affected by an increasing static pressure along the surface., 

It. might be correct physically to define this region as the new dlssipative 

\ ..'AM 
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flow) and to treat the supersonic portion of the boundary layer as aA 

"external", inviscid; rotational flow:. Experimental aM theoretical 

studies are required to settle this point. ,--'* 

^The mising theory including, friction (Eq. (2,.30-)} is expected 

to furnish införsiation, about the turbulent boundary layer lit an .adversa.. 

pressure gradient away from shock waves. It. is iarportant to determine 

'whether the maximum pres'siare increase that can- be-„supported by a turbu- 

lent layer without separation increases rapidly with :Mach number, as we 

"haye found for; the. recourses ion in the wake flow» 

In many respects laminar, boundary layer-shock warn interaction 

appears to be simpler than,the turbulent case, because upstream-separa- 

tion occurs even for- very weak incident shoclsS^ ahd the. incident shock 

•Wife is: refIfJtM £?9& .the 1-epar.ated fIc» -TOry =nearly;„äs if this- flow -Wore - 

a freie, boundary, ihe^ static pressure is probably nearly constant across 

ike. .'Sow-velocity region between the Sß^-i^he.. outer -boundary and-the sur- 

face. The approximate solution, indicated in the present paper (Section; ~... ~ 

4.2) must be regarded äs ä first step? in a later paper,, the important 

influence of sxir-fa.ce. friction, on the re&ttaching. flow and the. surface 

pressure distribution downstream of the reflected expansion "fan" wiü _,=_. _..'. 

be--discussed., -   — 

Another important basic assumption of the present -mäxing. theory 

is that the stagnation enthalpy is constant across the. flow, For separated 

flows and wakes there is, some question whether- the mixing process may not _ 

create regions, of low stagnation enftaalpy near ä .surface, or just aft of 

a body. „This question is best settled by experiment*   For flows attached 

to. a surface the. -present, theory, can proimT&iy bf extended' to cases wixsre 

the.surf ace .heat iransfer rate- is hot sera. 

.. — n 
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_ _. ;r _\_ The piTeseht t-üepry iß cäpabjs. not only of giyiäg a qrslität^e 

gxplanatioa of ail tnese: "interaction phenomena, "but should furnish realis- 

tic quantitative predictions ohce t&ö E"-^    curve is known and the d§- ~ 

-ftehdehce,- d^xäSing coeffipi-ent.-k- on the parameters m, w^ and   ^       is 

determined*    This information is required. :particxi3.arly ln~the turbulent 

•case;«-  -By specifying the, quantities that must he teaown the theory also 

serYesiasr^a. uöeful guide to experimental investigations. 

-"•- - -"-•'" 'COffCEUS-IONS -":.-•.•      -..'---. --..-. 

1-,- ;«An--in^ortant property.-Sf.rsuperaehic s^ejfiows^"orjjjT^rRättächihg 

superaonic flowsgreeted toward a .solid .surface, £s___the\ existence of a. 

singularity in -th§;Phasic diff^rehtial equation* or "critical, point" in 

•the-, fl^rivi^ch. äcls ^er^.iaüch like; the 4hr.ofl of a nozzle" @rdeterEo.M^ 

the; häse, pressure.;,- for ea^mple»^  One important reason for the marked dif- 

ference between laminar and thrhTÄetit-ih^sractiohs' is the fact that the 

t^halent mixing.,rate is 5 "co lüti|föe larger than the lasil^ir 

^—J 

u- - 

:%J 

2. According to the present mixing theory, separated flows as. veil as 

reattaching flows are 'capable of supporting considerable pressure increases 

at „high velocities,. 'The maximum compression^ as measured by the isentropic 

flowdeflection,, isLroughlyproportional to the square: root of the mixing 

rate parameter? :end -also to- ;(;#^l£% where- & in- some-average -Majsh nunhiir.. 

!Ehus;.the pressure- ratio increases rapidly with Mach number,, or the, hase. 

.Jiresfure, ration, forjexample^. decreasers rap£31y with Mach .number. In 

separated flows the pressure gradient aiohg the aurface is a maximum at 

,sep^ratipn>. arid drops off steeplydownstraamj iu reattaching, flows, ör 

wake -fiöwa,. the pr#s.öüre^gradient isrneglteihle acme distance upstream of 

—+• *—•- -** J ~l 1 
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the :"reättacjÄS&t point", and increases very rapidly toward ä maximum-as' 

this point is approached,    The inflected surface pressure distribution 

observed in laminar boundary" iay^^sHßck wave interactions is now under«- 

stanSärDle,; and the distribution itself can be calculated appfol'totfly,« 

3»    *v?heh the present raising: theory is applied tp^the problem of. .determin- 

ing the base; pressure for a supersonic airfoil withä~blunt traiiigg #dg®.^ 

it gives the: correct fiuid^mecMnicsJl. e^lanation of the. observed .j^enomenaö 

Fpür -different flow- regimes can be: distinguished,    In- order of increasing. 

-Beynolds nimiber they-are asi-fpllöws^- -T^--—^-—-'—r':'"'   f    . ... ....;:> 

_' (:i)_. A low Beynol?^. aiMjer region! in which Sot ©nay the .air-foil       . 

boundary layer is ^aminar "but also; the regio» of. the:, wake.-in Äich- the- :- 

mi^Jor'portionr of^^the röco^ressiön; occurs.,    ^this reg'äÄe the> tjase fräs,- 

4ure- ratio JL&T-    " ihcreistses slowly" with Eey^ölds njmiber Be     because of   /., 

_~~ . jli)   A regime in^^^hich-transition to turbulent- flow mo^aJrostr.eaä;;i.h.  . 

the wake, and the baöe pressure'curve reaches a local laazimum and then, drops 

precipito^ly with increasing ^Reynolds number, because of the large in- 

cr§^g© in mixing, rate.»    If"jtSje" ratio of chord to airfoil trailing edge, 

thickness £c/h)>i3 low, or if the bsuadsiry läysr trans.ition Beynoläö .ataaber 

is high J:Dui not- otherwise^ an appreciable, rssgs ofrlJe^iöldg. aufiberB-. ex- 

^.ists for which transition in the wage is located quite near tte base, but 

the airf oil bouii^fexy: iaye^ remains-:laMnatri    In this range       ~:"tfßZ>- 

cpntiuties fp -decrease, with- increasing Beyholds number because, of the de«r 

-creasing, boundary-layer -1*ickne-ffs.\«t.^the>i-rfpii "traiMn^ 'edge, and the . 

:^öTerning.paremeter is Reö?h/c. 

^ - 
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(i,ii) A regime in which transition? having ''^urnped" from, the wake 

to the §.irfoil boundary layer, moves forward on the airfoil with iiMve-r-s- 
...  - -     -...i. hjAf/ • 

isg. Seyjaolds ntmber. In this regime     /%.     &^ ^i*"8* increases with 

increasing Reynolds number.», be cause of. the increase in boundary layer _ 

thickness at the airfoil trailing edge as the transition point moires for- 

ward. EyenSually the normal decrease in. local turbüxent boundary layer 

thickness with- increasing. .Reynolds number ••begins.- to offset, the läiicksning: 

effect of the forward movement of transition, atfl the base pressure öurve 

reaches a local maximum, and then begins to drop with; increasing Reynolds' 

number.   . \  . .   __. .— -..-- 

(iv) A high -Reynolds number regime in. which transition oh the eii- 

foil is- practicaily..."fixed" far' fromthe trailing.edge>. ahd.$he base 

pressure _ drops slowly with; increäsigg. Refolds number^ bac'ause „of £he de- 

creasing, turbulent boundary layer thickness at the airfoil~trailing idge* 

The. governing; parameter here is Ra;^/- ft/c., -_.  

- Clearly? anything that affects; transition in the airfoil böVmäary 

layer or in the wake will affeefc the -'valley" in the cuanre. of base ^©8- 

sure versus Reynolds number * The effect of ä givön parameter -can be pre- 

dicted/ at least qualitatively, once its influence on -the character and 

thickness of the airfoil boundary layer at the trailing edge is kno^n, 

Quaiitativsagreement is.found.between these theoretical predic- 

tions and calculations and the base pressure data of Bögdohoff and Chapman 

on blunt.r-base.dbodiss of revolution and Chapman's data on. supersonic §.lt* 

foils w-ith blunt trailing -edges.. " 
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i . k.    Considerable theoretical eiid esperiE^M";-! vorlc remaina to. be done, in 

extending this mlzihg theory to asially-äyzr^efc.'ic flows, tu "boundary lay 

shock -s&ye Interactions' and oilier f loft's^ and :M ce^efully deterplBlag the 

dependence o£.the. misi-ng rate, and the mean teaperatxire-rmean velocity 

relation on -the flow -DerasieterB» - 
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